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Math W81: Homework #3

1. Let {u1,u2, . . . ,uk} be an orthonormal set of vectors.

(a) Set
P1 = u1u

H
1 +u2u

H
2 + · · ·+uku

H
k ,

where for any vector x ∈Cn,
xH = xT = (x)T .

Show that P2
1x = P1x, where P2

1 = P1 ·P1.

(b) Set
S = (u1 u2 · · · uk) .

If P2 = SSH, show that P2
2x = P2x.

(c) Show that P1 is a matrix of rank k (hint: find R(P1)).

(d) Show that P2 is a matrix of rank k (hint: find R(P2)).

(e) Show that P1x = P2x for any x ∈Cn.

2. Suppose there exist matrices A,P,D ∈Cn×n such that

AP = PD.

If P is invertible, show that σ (A) = σ (D).

3. Let A ∈ Cn×n be a skew-Hermitian matrix, i.e., AH = −A. Show that all of the eigenvalues are purely
imaginary (hint: consider the matrix iA).

4. If

S = Span{
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 ,
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2
−3

1
−1

},
find a projection matrix P such that:

(a) P : C4 7→ S

(b) P2x = Px for any x ∈C4

(c) Px = 0 for all x ∈ S⊥.
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