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0. INTRODUCTION

Some physically and/or biologically interesting mathematical models are:

(a) The Gross-Pitaevski equation,

d*¢ 3 .

dt [t|—o0
is a model used in the study of Bose-Einstein condensates (see [9, 10, 13] and the references
therein). Here ¢(-) represents the wavefunction of the condensate, and V'(-) represents the applied
external potential. The ”boundary condition” guarantees that the condensate is localized, i.e.,
experimentally realizable.

(b) Lotka-Volterra competition model:

dN-
—L =Ny (1 - Ni/K1) —biNi N,

N-
dt 72 :TQNQ(I—NQ/KQ)—bQNlNQ.

dt
Here K, represents the carrying capacity of the environment for species N; in the absence of
competition, and b; reflects the competition between the two species.

(c) Firefly’s flashing rhythm:
dé d
pm =w+ Asin(a — 0), d—? =Q.
Here 6 represents the phase of the firefly’s rhythm, A is the firefly’s ability to modify its frequency,

and « is the periodic stimulus.

Different questions can be asked for each model. For example, when considering the Lotka-Volterra model,
one can ask:

(a) does one species wipe out the other?

(b) if not, in which manner do the two species coexist - relatively constant populations, or populations
which periodically fluctuate?

The purpose of this course is to acquire and develop the mathematical tools that will allow you to begin to
analyze models such as the above. In the remainder of this section we will quickly review the material that
you (should) have learned in your undergraduate course in Ordinary Differential Equations (e.g., see [1]), as
well as your introductory course in real analysis (e.g., see [2]).

0.1. Notation and introductory definitions

Definition 0.1. A norm |- | : R® — R satisfies

(a) |z +y| <z + |yl
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(b) |cx| = |c||x| for all c € R
(¢) |&| > 0, and equality occurs only if & = 0

Definition 0.2. Let = (21,...,7,)T € R". A norm is given by

n
@] = |il.
i=1
Let A € R™*"™. The norm of A is given by

|A| :=sup{|Az| : |z| =1} = Z |aij].
ij=1

Remark 0.3. One has that:

(a) More generally, a norm can be defined by

n
o 1
@, = (O Jaaf?) 7.
i=1
It can be shown that each of these norms are equivalent, i.e., given a 1 < p,q < 0o, one has that
there are positive constants ¢; and ¢y such that
alzly < lzlp < colzlq.

For example,
z]2 < |z|1 < Vnlz|s.

Thus, the choice of the norm is not important.
(b) [Az| <[A[]z]|.
Definition 0.4. Given an g € R™ and v > 0, define
B(zo,7) ={z €R" : |z —zo| <7}, B(zo,7) :={x €R" : |z — x0| <7}
Regarding calculus for vectors, we write:
(a) [x(t)dt = ([zi(t)dt,..., [x,(t)dt)T
(b) dz/dt = (dxy/dt,. .., dx,/dt)T

Definition 0.5. Let G C R x R" be open, and let f : G — R" be continuously differentiable. The matrix
Df := 0f /0x € R™*"™ satisfies
Ofi

_al‘j'

(DF);;
Definition 0.6. Let f : G — R"™ be continuous. An ordinary differential equation (ODE) is of the form

d

z=f(tx), = T

The function = ¢(t) solves the ODE on an open interval I C R if ¢ : I +— R" is continuously differentiable
with ¢ = £(t,).
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Remark 0.7. Consider the second-order scalar equation
j+y—y? =sint.
Upon setting x1 := y, x2 := 7, one gets the first-order system
T1 = X2, Tog=—I1+ m% + sint,

ie.,

T :.f(tam)7

_ [ 1 .7 T2
Te= < To )’ flt, =)= ( —x1 + 2% + sint >

This trick can be used to transform a scalar equation of order n to a first-order system with n equations.

where

0.2. Solving linear systems

Now let us refresh our memories as to how one can explicitly solve linear ODEs of the form

T = Ax, (0.1)
where A € R™*™. Substituting
z =My (0.2)
into equation (0.1) yields
(A= Al)v = 0.

In the above the vector v is known as the eigenvector, and the corresponding eigenvalue A is found by solving
the characteristic equation

det(A — A1) =0.

If A € R, then the solution with real-valued components is given in equation (0.2). If A € C, i.e., A = a + ib,
then the corresponding eigenvector is given by v = p+igq, where v, ¢ € R", and the two linearly independent
solutions with real-valued components are given by

x; = e (cos(bt)p —sin(bt)q), o = e (sin(bt)p + cos(bt)q).

If the eigenvalues are simple, then one can find n linearly independent solutions 1, ..., €, via the manner
proscribed above, and the general solution is then given by

$:Cl$1+"'+cn$n,

where ¢; € R for j =1,...,n.

0.3. The phase plane for linear systems

Now suppose that n = 2. The eigenvalues are zeros of the characteristic equation
A% — trace(A)\ + det(A) = 0,

i.e.

A=Ap = (trace(A) + /trace(A)2 — 4det(A)) .

N =
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0.3.1. Real eigenvalues

First suppose that trace(A)? > 4det(A4), so that A_ < A, € R. When graphing trajectories, we will use
the fact that the line in the xy-plane through the origin parallel to the vector

()

d
Y= —x.
c

is given by

If det(A) < 0, then A_ < 0 < Ay, and the critical point £ = 0 is known as an unstable saddle point.

For example, suppose that
3 5
A_<_2 _4>. (0.3)

The eigenvalues and associated eigenvectors are given by

A—:_27’U1:<1>; A+:1702:<g)7

so that the general solution is given by

(%) :cle—%( - )+cht< - )

When ¢y = 0 the solutions are restricted to the line y = —z; furthermore, any solution on this line goes to
the origin exponentially fast. When ¢; = 0 the solutions are restricted to the line y = —2/5 z; furthermore,
any solution on this line goes grows large exponentially fast. Sample trajectories are given below:

T T T - I T T
I T N e e T T O
T M T T I e T T N e
T Y I S
NN NN N N NN
NN
NN
NN
B T N e
AN OSNOSNONINININSINSINSNS
S e T T e e Y
—

SN
PRSI NN N
PN
NSNS
NSNS SN NI N NN NN
NSNS NN NN N
NSNS
NSNS NS NI N NN NN
NSNS
NSNS
I NN NN -2

Figure 1: The phase portrait for equation (0.3).

If det(A) > 0, then sign(Ay) = sign(trace(A)), which implies that if trace(A) < 0, then & = 0 is a stable
node. For example, suppose that
3 5
(303, »

The eigenvalues and associated eigenvectors are given by

)\_:—2,’01:(_1>; )‘-‘r:_lav?:(_i),
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so that the general solution is given by

z(t) = cie ( _i ) +cge”! ( _Z ) .

When ¢y = 0 the solutions are restricted to the line y = —z; furthermore, any solution on this line goes to
the origin exponentially fast. When ¢; = 0 the solutions are restricted to the line y = —4/5 x; furthermore,
any solution on this line also goes to the origin exponentially fast. Sample trajectories are given below:

NN\ ARIARARY NN\
SNONON N NONIN NN NN\
SN\ NONIN NN NN\
—N NONIN NN NN\
A NONIN NN NN\
NA T NONIN NN ARAY
NN N A NONIN NN ARRAY
NONN N NONIN NN ARAY
NNN N NINNON ARAY
NNNN . AN NN\
2NN\ NN N AR
NONNN NONIN NN\
NONN N NONIN N NN\
NONNN NONIN NN NN N
NONNN NN NN L NN
NONNN NONIN NN >
NONNN NONIN NN NN
NONNN NONIN NN D
NONN N NONINN N SO
NNNN NCRINONN NN

Figure 2: The phase portrait for equation (0.4).

On the other hand, if trace(A) > 0, then = = 0 is an unstable node. For example, suppose that

A:<_i 2) (0.5)

The eigenvalues and associated eigenvectors are given by

)\:1,’02:(2); )‘+:27v1:<1>7

so that the general solution is given by

z(t) = cre™ ( i ) + coe! < Z > .

When ¢o = 0 the solutions are restricted to the line y = x; furthermore, any solution on this line grows large
exponentially fast. When ¢; = 0 the solutions are restricted to the line y = 4/5 x; furthermore, any solution
on this line also grows large exponentially fast. Sample trajectories are given below:
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A A A A A A A Vv 777
SN 777
A A A A A S A S SV 4 Ve 7,
A A A A A A A 4 Va4 L —
S P )
S A 7 — | / /
SN N/ LSS
A A A A A A 4 Ve L2777
S L L LS L
L L7777 7 7 7 /
L7777 e’ L L L Ll L
S 777777 ANl s LSS LS
77777 LN L L L LSS LS
7777 P S VS S S S S S S SV 4
77 1= L LS L LSS S S
] ~—=~2 LN S LSS
—F7 LN L LSS S
s L LN L LSS
b 24 L LN L L LS L LSS
P Pard VAV i VPP LD LD SV AD DV Ve

Figure 3: The phase portrait for equation (0.5).

0.3.2. Complex eigenvalues

If trace(A)? < 4det(A), i.e.,
At =a+ife€C, BeRT,

then it turns out to be the case that through a clever change of variables the system in equation (0.1) is
equivalent to

y = By, B:=<g _6>. (0.6)

«
We will now study equation (0.6) in coordinates, i.e.,

Y1 = ay1 — By2

Y2 = Py1 + ays.
Upon using polar coordinates, i.e., setting

y1 =rcosf, yo =rsin.
and using implicit differentiation,
Y1 =171cosf — résin&, o = 7sinf + récos@,

it is seen that

F =191 cosf +yssinf, 10 = —y;sinf + g, cosh.
Simplifying the above yields _
r=ar, 0=0,
ie.,

r(t) = r(0)e™, 6(t) = Bt + 6(0).
Thus, the solution to equation (0.6) is given by

y1(t) = r(0)e™ cos(Bt + 0(0)), ya(t) = r(0)e* sin(Bt + 6(0)),
where
y2(0)
v1(0)
The form of the solution guarantees that the trajectories will spiral about the origin. If a > 0, i.e.,

trace(A) > 0, then the solutions will spiral away from the origin exponentially fast; in this case, the origin
is an unstable spiral point. A sample trajectory is given below:

r(0) = v51(0)* +42(0)?,  tan6(0) =
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Figure 4: The origin is an unstable spiral point.

If « < 0, i.e., trace(A) < 0, the solutions will spiral towards the origin exponentially fast; in this case, the
origin is a stable spiral point. A sample trajectory is given below:

Figure 5: The origin is a stable spiral point.

Finally, if @ = 0, i.e., trace(A) = 0, the trajectories will be closed; in this case, the origin is a center. A
sample trajectory is given below:

Figure 6: The origin is a center.
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The last item to be determined is the direction of spiralling - is it counterclockwise or clockwise? The
answer, of course, depends on the particular problem. One strategy which will help in answering the question
is illustrated in the following example. Suppose that

a-(1 )

The eigenvalues are A = —1 £ 2i, so that the origin is a stable spiral point. Write the system as
T=-—-x—4
. ! (0.7)
j=z—y.

On the half-line z = 0 and y > 0 the vector field satisfies
T =—4y < 0.

As a consequence, x(t) is decreasing whenever the trajectory hits this line, which implies that the motion is
counterclockwise. A sample trajectory is given below.

S S e e —. e e ——

Figure 7: The phase portrait for equation (0.7).

Remark 0.8. If £ > 0 on the half-line x = 0 and y > 0, then the motion will be clockwise.

0.3.3. Classification of the critical point

As it can be seen in the examples, the stability of the critical point depends upon the sign of the
eigenvalues. The following table summarizes the above discussion:

Eigenvalues Type of Critical Point
A1, A9 >0 Unstable node

A1, A2 <0 Stable node

A1 <0< Ao Unstable saddle point

A=a=£iB, « € RT Unstable spiral point
A=a=xif, a € R~ Stable spiral point
A= H4ig Linear center

0.4. The phase plane for conservative nonlinear systems

Finally, let us briefly discuss phase portraits for planar vector fields, i.e., the graphical representation of
solution curves to

& =f(z), xR (0.8)
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For equation (0.8) suppose that E : R? — R is a first integral, i.e., along trajectories

d
EE =VE(z) - =0.
One then has that E(x(t)) = E(xo) for all ¢ € R; hence, solutions reside on level curves, and the set of all
level curves gives all of the trajectories.
For example, if

f(il?) = ($27_g(x1))Tv

which arises when equation (0.8) is equivalent to the second-order problem
i+ g(z) =0,

then
1 9 T1
Ble) = 5o} + / g(s) ds
0

is a first integral. Here the functional F represents the total energy for the conservative physical system.
When considering the pendulum equation, i.e., g(x) = sinz, one has that

1 b
E(z) = §x§ —|—/ sin s ds.
0

In this case if E(x) < 2, then the solution is periodic.
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1. EXISTENCE AND UNIQUENESS

Consider the initial value problem (IVP)

T = f(tv :13), m(tO) = To, (11)

where f is continuous on an open set G with (tp,z¢) € G. When considering the nonautonomous equa-
tion (1.1), one can make it autonomous by rewriting it as

dz dt

_f(taa:)a &*

o= L (2(0),t(0)) = (0, t0),

ie.,
y=9), y0)=yy y=(z1), gy = ({tz)]l).

Hence, without loss of generality one can consider the IVP
& =f(z), z(0)==zo, (1.2)

where f : G C R™ — R" is continuous. From this point forward, it will be assumed that the ODE under
consideration is autonomous and given by equation (1.2).

1.1. Existence

Theorem 1.1 (Peano’s Existence Theorem). Let ©g € G be given. There is a 6 > 0 and a function x(t)
defined on I = (=4, ) which solves equation (1.2).

Remark 1.2. The solution may not be unique; for example, consider & = /|z|, (0) = 0, which has the
family of solutions x(t) = z4(t), where a € RT and

0 {0 0<t<a
24(t) ==
1t—a)? a<t.

1.1.1. Proof by successive approximations

Herein an additional assumption on f will be made; precisely, that f is uniformly Lipschitz continuous
on G (see Definition 1.14). This is for technical reasons only, and as it is seen in Section 1.1.2, it can be
removed with a different method of proof of Theorem 1.1.

Let v > 0 be chosen so that B(zg,v) C G. Since f is continuous, there is a C' > 0 such that |f(z)| < C
for & € B(xo, 7). Set xo(t) = o, and for a given n € N and for j = 1,...,n define the sequence {z;(t)} via

oja(t) =z + [ Fay(s) s (1.3)

Note that z;(0) € B(zg,7) for each j. Since f is uniformly bounded, one has that

[t]
|%H@—wwsé|ﬂ%@mw<om; (1.4)

thus, for [t| < & := v/C one has that x;(t) € B(xo, 7). Furthermore, since f is continuous one has that each
x;(t) is continuous on [—d, d].
It will now be shown by induction that

CKj|t|j+1

Wa J € Np, (1.5)

2j4+1(8) —z;(8)] <
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where K is the Lipschitz constant for f. Now, by equation (1.4) one has that equation (1.5) holds for j = 0.
Assume that it holds for j =0,...,n. By equation (1.3) one has that for n > 1,

Tair (t) — wa(t) = / F(@n(5)) — F (@1 (s))] ds.

Since f is Lipschitz this then implies that

[t]
20 (t) = 2O K [ [oa(s) = s ()]s,

which by equation (1.5) with j = n — 1 further yields that

n!

Kol
|Tni1(t) — 2, (t)] < ¢ / s"ds.
0

Hence, equation (1.5) holds.
Now set

400
@(t) == 2o+ ) _[zj51(t) — 2(t)]-
=0

As a consequence of equation (1.5) the infinite sum is uniformly convergent, and since each term is continuous,
this then implies that @(t) is continuous on [—§,d]. Since the sum is telescoping, one actually has that

t)= lim =t
z(t) = lim x;(1),

with the limit being uniform on [—4,d]. Since f is uniformly Lipschitz continuous one has that f(z;(t)) —
f(z(t)) uniformly on [—§,d]. Hence, from equation (1.3) one can conclude that

z(t) = zo +/O f(z(s))ds, —d<t<é. (1.6)

The right-hand side of equation (1.6) is differentiable on (—4,0); hence, upon differentiating one has
that & = f(x). The solution x also clearly satisfies £(0) = x¢. In conclusion, one has that the solution to
equation (1.6) satisfies equation (1.2). Note that as a consequence of the discussion leading to equation (1.6),
one has the following result.

Corollary 1.3. z(t) solves equation (1.2) if and only if x(t) solves the integral equation equation (1.6).

1.1.2. Proof by polygonal approximations

Euler’s method (a numerical method of O(h)) is given by
Tpi1(t) = (tn) + (E—tn)f(2n), tay1 =tn+h, € [tn,tnt1]-
One can define a continuous piecewise linear function via
z(t;h) = xi(t), € [tr,tht]-

The goal herein is to show that under the appropriate assumptions on the vector field Euler’s method
converges to a solution of equation (1.1), i.e., that there exists a sequence {h;} with h; — 07 as j — +o0
such that lim;_, ;. «(¢; h;) is a solution to equation (1.1).

Definition 1.4. Let {xy(t)}ren be a family of functions defined on I := (a,b). The sequence converges
uniformly to x(t) if for every € > 0 there is an N(¢) such that |z;(t) — z(t)| < efor k> N and t € I.

Proposition 1.5. If the functions x(t) are continuous, then x(t) is continuous.
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Definition 1.6. The sequence {x(t)} is equicontinuous on I if for every € > 0 there is a §(e) > 0 such that
lek(t) —zi(s)| <eif [t —s| < forall s,t €] and k € N.

Definition 1.7. The sequence {z(¢)} is uniformly bounded if |z (¢)] < M for all t € I and k € N.

Theorem 1.8 (Arzela-Ascoli Theorem). If {xy(t)} is an equicontinuous, uniformly bounded sequence of
functions on I, then there is a subsequence {xy, (t)} which converges uniformly to x(t) on I.

Remark 1.9. Tt is not necessarily true that x(¢t) — x(t) as k — +o0; furthermore, different subsequences
may converge to different functions.

Proof: The proof will take place in 6 steps.
I. For 6 > 0 given, subdivide [0,4d] into n equal subintervals 0 = ¢ty < t; < -+ < t, = 4§, so that
tpt1 — tx = 0/n = hy. Set

Tp1(t) = ze(te) + (= t)f(zr(tr)), t € [th trya],

and define x(t; hy,) = @p41(t) for t € [tg, tr41]. Note that x(¢; hy,) is piecewise linear and continuous. In all
that follows, for k =0,...,n — 1 define @) := x(tx; hy).

It must now be shown that by making § sufficiently small, z(¢; h,,) € G for all n. Let v > 0 be chosen so
that B(xo,7) C G. Since f is continuous, there is a C' > 0 such that |f(z)| < C for @ € B(zg,~). Thus, for
te [0, tl],

|$@;MJ—fmok:tU(w@|<:Chn::%?_

Assuming that Cd < v (the smallness condition on ¢), one then has that |x(¢1;hy) — xo| < /n, so that
x1 € B(xg,). Similarly, for ¢ € [t;,t2] one has

2

[@(t:ha) = @1] < (=)0 < Chy < 1,

so that xo satisfies |£o — 1| < v/n. Thus,

2y
|2 — xo| < |@2 — 1] + |21 — T0| < Y

ie., 2 € B(xo,v). Continuing in this manner it is seen that for t € [t;,t;41], 7 =0,...,n—1,

(15 ) — ol < T2 <o)
so that z(t; hy,) € B(xo, ) for all t € [0, 0].

I1. Since |x(t;hy,) — ®o| < 7y for ¢t € [0,6], one has that |x(¢; hy,)| < |zo| + 7. Hence, the sequence
{x(t; hy,)} is uniformly bounded.

ITI. It must now be shown that {x(¢; h,)} is equicontinuous, so we need to estimate |z (t; hy,) — x(s; hy)|-
Assume that s < ¢, and further assume that they do not occupy the same subinterval. There is an i, j such
that

tic1 <s<t;<tip1 <--- <tj §t<tj+1.

Now,
z(tihy) =z + (t —t)f(z), z(sihn) =zio1 + (s — tim1)f(ziz1),
and since ¢; = x;—1 + (t; — t;—1)f (x;—1), one has that

x(s;hp) =z + (s —t;)f (i—1).

Now,
x(t hy) —x(s;hn) =t he) —zj + (2 — 1) + -+ (Tig1 — @) + 2, — 2(s5hy),

so the identity ®g+1 — Tk = hy, f(xk) yields

j—1
2(tiha) — @(s:ha) = (t = )f (@) + (t; — )F (@im1) + 1o 3 Fl@r): (L.7)

k=i
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Since |f(z)| < C for ¢ € B(xo,7), this yields

|2 (t; hn) = ®(s; hn)| < [(E = 15) + (ti = 8) + (j = Dha]C
< C(t—s).

IV. By the Arzela-Ascoli Theorem there is a subsequence {x(t; by, )} which is continuous and converges
to a continuous x(t) for ¢ € [0,6]. Furthermore, since (0; h,,) = x( for all n, one has that x(0) = x.

V. Without loss of generality, suppose that the full sequence converges to x(t). A careful examination
of the sequence reveals that for t € [tg, txt1),

k—1

@(t:hn) = @o + (t = ti)f (z1) + hn Y f (),

=0

where &; = x(t;; hy,). Since the sequence converges uniformly to «(t), and since f is continuous, upon taking
the limit it is seen that x(t) solves the integral equation

z(t) = zo —1—/0 f(x(s))ds. (1.8)

Since f(x(t)) is continuous, the right-hand side is differentiable; hence, x(t) is differentiable. Taking the
derivative yields

&(t) = f(=(t), =z(0)= w0,

i.e.,  solves equation (1.2).
VI. We need to get a solution on [—d,d]. Set s = —t, and consider

S flyls),

If a solution y(s) exists, then x(t) = y(—s) is a solution to the original ODE, as

%:; _ 7% = F(y(s)) = Fly(~1t)) = f(z(t)).

Thus, by the previous steps we have a continuous solution defined on [—4, ], and with it being differentiable
on (—4,6)\{0}. We need to show that (0) = f(xo). The argument in V. can be used to show that x(t) is
differentiable from the right at ¢ = 0, with the right-hand derivative being f (o). Similarly, the left-hand
derivative will be f(xg). The proof is now complete. O

Remark 1.10. As a consequence of the discussion leading to equation (1.8), one again has Corollary 1.3.

1.2. Uniqueness

Now that it is known that equation (1.2) has a solution (given in equation (1.6)), it is necessary to
determine the conditions under which it is unique. Afterwards, we must then understand how the maximal
interval of existence can be determined. The following lemma will be crucial in answering these questions.

Lemma 1.11 (Gronwall’s inequality). Suppose that a < b, and let «,3,% be nonnegative continuous
functions defined on [a,b]. Furthermore, suppose that either « is constant, or « is differential on (a,b) with
&> 0. If

B(t) < alt) + / $(5)B(s)ds, € [a,]

then }
B(t) < aft)ela Vst € [q,b].

Proof: See [17, Theorem 1.1.2] or [8, Theorem III.1.1]. O
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Theorem 1.12 (Taylor’s theorem). Let U C R®, V C R™ be open. If f : U +— V isC! and ¢ +th € U
for all t € [0,1], then

1
flx+h)—f(z) = (/ Df(x +th)dt) h.
0
Corollary 1.13. If f : U~ V is C! and & +th € U for all t € [0,1], then one has the estimate
If (z + h) — f(z)| < ClAl,

where

C:= sup |Df(x+th)|.
te[0,1]

Definition 1.14. f : U — V is Lipschitz if there exists an L > 0 such that |f(z) — f(y)| < L|xz — y| for
all z,y € U. f is locally Lipschitz if for each &y € U and each € > 0 such that B(xg,e) C U there is an L,
such that if ¢,y € B(zg,€), then |f(z) — f(y)| < Le|xz — y|.

As a consequence of Corollary 1.13 one has the following result.
Proposition 1.15. If f : U — V is C', then f is locally Lipschitz.

It is clear that if f is locally Lipschitz, then f is continuous. Hence, as a consequence of Theorem 1.1 if

f is locally Lipschitz there exists a solution to equation (1.2). As it will be seen below, the mild restriction
of f being locally Lipschitz, instead of merely being continuous, actually yields more than simple existence.

Theorem 1.16 (Uniqueness theorem). If f is locally Lipschitz, then the solution to equation (1.2) is unique.

Proof: Since f is locally Lipschitz, f is continuous; hence, by Peano’s Theorem 1.1 there is a solution. Any
solution satisfies the integral equation

m(t):a:OJr/O f(z(s))ds.

Suppose there are two solutions, ; and 5. One has that

332(0—381(75):/0 (f (z2(s5)) = f(21(s))) ds.

Since f is locally Lipschitz, there is an L > 0 and € > 0 such that as long as x1(t), 2(t) € B(xo,€), then
If (z2(s)) — f(x1(s))| < L|za(s) — 1(s)|. By Theorem 1.1 there is a 6 > 0 such that this condition holds
for t € (—4,06). One then has that

t
|z2(t) — 21 (t)| < L/ |z2(s) — z1(s)|ds.
0
By Lemma 1.11 this yields
|z (t) — 1 (t)] < 0- et
hence, x1(t) = x2(t) for all ¢. O

1.3.  Continuity with respect to initial data

The following result indicates that under the assumption leading to unique solutions, the solution set is
continuous with respect to variations in the initial data.

Theorem 1.17 (Continuity with respect to initial conditions). Suppose that f is locally Lipschitz. Consider
the two initial value problems

z=f(z), z(0) =a; z=f(z), z(0)=a+h.

Denote the solutions by x(t) and zy(t), respectively. For each € > 0 there is a 0 > 0 and L. > 0 such that
for |h| < € one has
|zo(t) — zn(t)] < ce™

for all t € (=4, 9).
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Proof: Similar to that for Theorem 1.16. O

Regarding unique solutions to equation (1.2), one has the following useful properties.

Lemma 1.18. Denote the solution to equation (1.2) by ¢(t;xo). For any fixed ty € R,

B(t;w0) = B(t — to; P(to; x0))-

Proof: Set s =t — tg, so that

d d

dt — ds’
hence, the form of equation (1.2) does not change, so that both ¢(¢; z¢) and ¢(t — to; ¢(to; o)) are solutions.
Since ¢(0; zg) = d(—to; &(to; o)), by uniqueness they must be on the same trajectory. O

Corollary 1.19. Suppose that there is a T > 0 such that the solution satisfies ¢(T) = xo with ¢(t) # xg
for all 0 <t <T. Then ¢(t +T) = ¢(t) for all t > 0, i.e., ¢(t) is a periodic orbit.

Proof: By Lemma 1.18 the solution satisfies

P(t; o) = ot — T;0(T;20)) = ¢p(t — T’ 20)- [

1.4. Extensibility

Suppose that in equation (1.2) that f is C! on the open set G. Denote the unique solution by ¢(t), and
suppose that J := (a, 3) is the maximal interval of existence. We must now understand what happens to
the solution as t — o™ and t — 3.

Theorem 1.20 (Extensibility theorem). For each compact set K C G there is at € J such that ¢(t) ¢ K;
thus,

lim ¢(t) € 0G, lim ¢(t) € OG.
t—pB— t—at

In particular, if G = R™, then
lim |¢(t)] = lim |¢(¢)| = +o0.
t—B— t—at

Proof: Suppose that there is a compact set K C G such that ¢(t) € K for all ¢t € J. Since [0, 5] x K is

compact, there is an M > 0 such that |f(z)] < M for all (¢, z) € [0,] x K. Let s1,s2 € [0, 3) be chosen so
that s1 < s9. One has that

|am—wws/ﬂmmmmSMm—m;

hence, ¢ is uniformly continuous on [0, 3). As a consequence, ¢(t) extends continuously to [0, 5]; in particular,
#(B) = lim;_, - ¢(t) exists, and

¢@=%+Af@@ﬂ&t€M@

Now consider the IVP
z=f(z), z(3)=0¢(p).

Since K C G, there is a § > 0 such that a solution is defined on the interval (8 — §, 3 + 4). Denote this
solution by 1 (t), and note that by uniqueness ¢ (t) = ¢(¢t) for t € (8 — 9, 3]. Set

_fov), tel.)
7(t){wﬁ), te[5,6+0).

It is easy to check that ~(t) solves the original IVP on the interval [0, 5 + §). Hence, the interval J is not
maximal. O
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Finally reconsider the result of Theorem 1.20 in the case that G = R™. As a consequence of the next
result, it can be assumed for theoretical purposes that in this situation the solution to equation (1.2) exists
for all time.

Corollary 1.21. Without loss of generality, if f : R™ — R™ is continuous, then solutions to equation (1.2)
exist for all t € R.

Proof: Let g : G C R" — R* be smooth. It will first be shown that the trajectories to & = f(x) are the
same as those to ' = g(x)f(x). Let ¢(t) be a solution to & = f(x). Set

. t o ds
0= [ oy

so that 7 = 1/g(¢(¢)) > 0. By the chain rule,

de dzxdr 1ldz

At drdt  gdr’

so that 4
& =f(z) = T = g(@)f (@),
Thus, ¢(r) is a solution to &’ = g(x)f(x).
In particular, set g(z) := 1/(1 + |f(x)|?) < 1. By Corollary 1.3 the solution to @’ = g(z)f(x) is given
by
_ f_f60)
o0 =20+ | T gt

which yields the estimate
t
6(0)] < feal + [ 1ds = foo + |
0

By Theorem 1.20 the solution then exists for all ¢t € R. O

1.5. Examples

Herein a few examples are considered which illustrate the utility of the above theory.

Example. Suppose that f : R™ — R” is Lipschitz with Lipschitz constant L. Since |f(x) — f(0)] < L|z|
implies that |f(x)| < |f(0)| + L|z|, a solution to equation (1.2) satisfies for ¢t > 0,

t t
2(0)] < [zal + [ F(a(s)]ds < laol + Ol + L [ fals)]ds.
0 0
Applying Gronwall’s inequality implies that
2(1)] < (lzo| + £ (0)[t)e™,

i.e., the solution is uniformly bounded on [0,T] for any 7" > 0. Since T' > 0 is arbitrary, the solution is
defined on [0, +00). Reversing time and applying the same argument yields that the solution is defined on
(=00, +00).
In particular, when f is linear in x, i.e., f(¢,x) = A(¢t)x, then the result of Theorem 1.20 can be improved
via the above argument.
Corollary 1.22. Consider
z=Alt)x, =(tg) = zo,

where A(t) € R™*"™ is continuous on (a,b). If ty € (a,b), then there is a unique solution defined on (a,b).
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Proof: Let ¢ > 0 be given, and suppose that ¢y € (a + €,b — ¢€). The solution ¢(t) satisfies

t

o(t) =m0+ | A(s)o(s)ds.

to

Since A is continuous, there is an L > 0 such that |A(¢)| < L for all ¢ € [a + €,b — €]. Thus, after applying
Gronwall’s inequality one gets
6(1)] < |mole™ Il

i.e., the solution is uniformly bounded on (a + €,b — €¢). By Theorem 1.20 the solution exists for all ¢ €

[a+ €,b— €. Since € > 0 is arbitrary, the solution exists on (a, ). O

Example. Consider
@ =h(t)g(z), =x(to)= wo,

where tg, 29 > 0 and g and h are positive C'' functions defined for ¢ > 0 and = > 0. Applying separation of
variables, the unique solution ¢(t) satisfies

/y:(t) g‘(l; - /tt h(s) ds.

Since h is continuous for ¢ > 0, one has that

b
/ h(s)ds < 400
0

for any b > 0. Now assume that

1
dz

li — = . 1.

Pt ¢ 9(z) oo (1.9)

If limy_, .+ ¢(t) = 0 for some a > 0, then

@(t) a
lim dr / h(s)ds,
t—at g(z) to

Zo

which is a contradiction. Hence, under the assumption given in equation (1.9) one has that lim,_ .+ ¢(t) > 0
for any a > 0, so that the solution exists for ¢ € [0, o).
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2. LINEAR SYSTEMS

In this section we will concerned with solving linear systems of the type
z=A(t)x, (2.1)

where either A(t) = A, A(t+T) = A(t), or limy_,, A(t) = A. These are the cases which arise most
frequently in applications. In general, a thorough understanding of the solution behavior to equation (2.1)
is necessary before attempting to understand

t=At)z+ f(t,x) (2.2)

(see Lemma 2.4).

2.1. General results

Recall from Corollary 1.22 that if A(t) is is continuous on I := (a,b), and if ty € I, then for each zy € R™
a unique solution to equation (2.1) exists for all ¢ € I. A set of n linearly independent solutions, if it exists,
is called a fundamental set of solutions. Let e; € R™ for ¢ = 1,...,n denote the usual basis vectors. Pick
to € I. By Corollary 1.22 one knows that for each 4 there exists a solution ¢;(¢) defined on I such that
@i(to) = e;. If there exist scalars ay,...,a, such that

al(bl(t) + 4+ an(bn(t) =0,

then in particular one must have that ). a;e; = 0. This is a contradiction; hence, the solutions are linearly
independent. If one sets

O(t) == (P1(t) ... Pu(t)) € R™™,
and notes that

b= (1 ... dn) = (Ag1 ... Agn) = AD,

one has that ® is a matrix-valued solution to equation (2.1); furthermore, it satisfies the initial condition
®(tg) = 1. Such a matrix-valued solution to equation (2.1) is called the principal fundamental matrix
solution.

As a consequence of the above discussion we have the following representation for solutions to equa-
tion (2.1). The simple proof is left for the interested student.

Lemma 2.1. The solution to equation (2.1) is given by x(t) = ®(t)x.

The next result gives the first useful property of fundamental matrix solutions (e.g., see [17, Theo-
rem 6.6]).

Lemma 2.2 (Liouville’s (Abel’s) formula). If ®(t) is a fundamental matrix solution to equation (2.1), then
det(®(t)) = det((ﬁ(to))ef;b trace(A(s)) ds

As a consequence of Abel’s formula, one has that if the fundamental matrix solution is nonsingular at
one point in time, then it is nonsingular as long as it is defined.

Corollary 2.3. ®(t) is a fundamental matrix solution if and only if ®(to) is nonsingular.
Example. Let ®(t) be the principle fundamental matrix solution to equation (2.1) at t = to. Suppose that
t

. ligrn trace(A(s))ds > —M > —oc.
— 400 to

It will now be shown that there is at least one solution to equation (2.1) which is nonzero in the limit
t — 400. As a consequence of Liouville’s formula,

lim det(®(t)) = lim el trace(A4() ds >e M,

t——+o00 t——+oo
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Suppose that for ¢;(t) := ®(t)e; one has that lim;_, ;o |¢:(¢)| = 0 for all i. This necessarily implies that
lim;—, { o det(®(t)) = 0, which is a contradiction. Hence, there exists a j such that lim, . |¢;(t)] # O.
However, the converse is not true. Consider

A = diag(—2,1).

Then fot trace(A(s)) ds = —t — —oo; however, both solutions to equation (2.1) in this case do not approach
zero.

Now consider

U(t) :== ®(t)B, (2.3)
where B € R™*"™ is constant and nonsingular. By the product rule,

%(@B) =®B = A(t)(®B);
hence, ¥(¢) is a matrix-valued solution to equation (2.1) which satisfies the initial condition z(ty) = B. Such
a solution is called a fundamental matrix solution. Note that as a consequence of the existence and uniqueness
theorems all nonsingular matrix-valued solutions to equation (2.1) are of the form given in equation (2.3).
Finally, and as expected, the solution to equation (2.1) is crucial in constructing solutions to equa-
tion (2.2). The result of Corollary 1.3 yields one solution formula; however, it ignores the effect that the
linear solution has on the nonlinear perturbation. The below result gives a formulation which is more
convenient in applications, and which will be used throughout this text.

Lemma 2.4 (Variation of constants formula). Consider
& =At)z+f(t,z), x(to) = o

If ®(t) represents the principal fundamental matrix solution to equation (2.1), then the solution is given by

z(t) = ®(t)zo + <I>(t)/ O(s) 1 f (s, 2(s)) ds.

to

Proof: It is clear that x(ty) = xo. Differentiating yields

i (t) = B(t)zo + B(1) / D ()71 f (5, 2(s)) ds + B(E)(@(H) " f (¢, (1))

to

= A()@(t)(zo +/ O(s) ' f (s, @(s)) ds) + f (¢, z(t))

to

=A(t)z(t) + f(t, z(1)). O

Remark 2.5. As a consequence of Lemma 2.4 and Gronwall’s inequality one may expect that a detailed
analysis of the solution behavior for equation (2.1) will yield definitive information regarding the solutions
to equation (2.2).

2.2.  Equations with constant coefficients

In the previous subsection general results concerning solutions to equation (2.1) were given. However,
knowing that a solution exists is not generally sufficient when attempting to understand the solution behavior
to equation (2.2). In order to answer concrete questions associated with equation (2.2), it is necessary to
understand the solution behavior to equation (2.1) in great detail. This necessitates that one restrict the
form that A is allowed to take. In this subsection it will be assumed that A is actually a constant matrix.
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2.2.1. The fundamental matrix solution

Consider the partial sum
N
’ﬂtn
Sy(t):= Z%A . N e,

and note that Sy (0) = 1 for each N € Ny. For each N one has that Sy is smooth in ¢; furthermore, since
|AB| < |A||B| for A, B € R"*™, one has that for each n € N,

tn Tn
‘A”,’ <japll <,
mn: n:

which yields the estimate

N

ISn(B)] < 1Al

n=0

= |t["
n
<> 1A

n=0

<elAIT <.

"
nl

(2.4)

In order to continue, the following version of the Weierstrass M-test is required.
Lemma 2.6 (Weierstrass M-test). Let Sy : R+— R"*" for N € Ny be such that | Sy (t)| < My for [¢t| < T.
The sequence {Sn(t)} converges absolutely and uniformly for |t| < T.

As a consequence of the Weierstrass M-test and the estimate in equation (2.4) one has that for each fixed
T € RT the partial sums S (t) converge absolutely and uniformly for |[t| < T'. Since T is arbitrary, the sums
converge for all ¢ € R. Furthermore, since each Sy (t) is smooth, one has that the limit is continuous in ¢.

Definition 2.7. For A € R™"*" set

o~ tTL
At : n
= lim Sy(t) = A" —.
¢ N—1>+oo N( ) nzzo n!

At

It will now be shown that in the case of constant matrices, e’ is a fundamental matrix solution to

equation (2.1). One has that for each N € Ny,

%SN(t) = ASna(t) = Sya(t)A.

The right-hand side follows from the product rule and the fact that AA* = A* A for each k € Ny. By taking
the limit of N — 400 and using the fact that the convergence is uniform one has that

d
—efl = Aett =4 A.

dt
Upon noting that e4'® = 1 one has the following result.
Lemma 2.8. The principal fundamental matrix solution to @ = Az at t = 0 is e4?.

It will now be shown that e4* satisfies the usual properties associated with the exponential function.

First, let s € R be given, and consider the initial value problem
&= Az, z(0)=e""

As a consequence of Lemma 2.8 and the discussion in Section 2.1 one knows that the unique solution is given
by e4’e4s. Now set ¥(t) := 4T and note by the chain rule and Lemma 2.8 that

U =AT, U(0)=e4s.
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By uniqueness one can then conclude that

eA(s+t) _ eAteAs.

Upon switching s and ¢ one then gets that

eA(s+t) — eA(t+s) — eAseAt,

)

hence,
eA(s+t) — eAiteAs — G‘ASGAt. (25)

Note that upon setting s = —t in equation (2.5) one gets that

(eAt) -1 _ oAl

Now suppose that B € R"*™ is such that AB = BA. One then has that BSy(t) = Sn(t)B; hence,
upon taking the limit one has Be4* = e4* B. By the product rule,

d
a(eAteBt) _ AeAteBt +eAtBeBt — (A + B)eAteBt.

Note that the above argument also yields

%(eBteAt) _ (A + B)eAteBt.

However, by Lemma 2.8 one also has that

%Q(AJrB)t = (A + B)eATBt,

hence, the by uniqueness of solutions one has that
o(A+B)t _ (At Bt _ Bt At

Finally, suppose that B is nonsingular. Since B~ A" B = (B~ *AB)" for each n € Ny, one has that

Ntn

B'Sy(t)B=>_ 5(3—1443)".

n=0
Taking the limit of N — +o00 and using Definition 2.7 gives
B leAtB — eB’lABt.
The above argument can be summarized as following:
Lemma 2.9. Suppose that A, B € R"*™ and that s,t € R.. Then
(a) (eAt)—l — e—At
(b) eA(s+t) — eAseAt — eAteAs
(c) if AB = BA, then e(AtB)t — oAteBt — oBtoAt
(d) if B is nonsingular, then BeA'B~! = ¢BAB™'t,

We will now consider some special cases in which e4? can be easily computed.

Lemma 2.10. Suppose that A = PAP™', where A = diag(\1,...,\,) and P = (v --- v,,) with Av;, =
\evi. Then et = P diag(eM?,... et P~
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Proof: By Lemma 2.9(d) one has that

At PeAtP_l;
hence, it is enough to compute e®. Since A*¥ = diag(A}, ..., \F), one gets that
At : >‘1t - At Ant
:dlag(z , Z = diag(e™*, ..., e*"). O
k=0 k=0

Lemma 2.11. If A = A1 + N, then e4t = eMeNt,

Proof: Since 1IN = N1, one can immediately apply Lemma 2.9(c). Implicit in the calculation is the
identity e*! = e 1. O

Finally, suppose that
A=al —bJ, J::( 0 1 >,

-1 0
where a,b € R. The eigenvalues of A are a + ib; furthermore, by Lemma 2.11 one has that e4* = e*e=0Jt,
It can be checked that
el 0 N (bt)2n+1
S S
e*th — n=0 n=0 n :
0 bt)2n+1 0 . (bt)Qn
Z (2n+1)! Z(_l) (2n)!
=0 n=0 ’
_ [ cos(bt) —sin(bt)
- 51n( bt) cos(bt) )’
hence,
QAL _ qat cos(bt) —sin(bt)
o sin(bt)  cos(bt) ) -
As a generalization, suppose that A € R?"*2" has complex eigenvalues Aj=aj+ibjforj=1,...,n. If
the eigenvectors w; = u,; +iv; are such that {uq,..., uy,v1,...,v,} is a linearly independent set, then as

a consequence of [15, Chapter 1.6] it is then known that for
P:=(viuy ... v,uy)

one has
P AP = A,

T a; —bp a, —by,
A.dmg(( b a >,...,< by a. >> (2.6)

As a consequence of the above discussion,
) —sin(b,t)
bot) . (2.7)

Y art [ cos(bit) —sin(bit) ant [ cos(by
= diag <e < sin(bit)  cos(bit) )7 ¢ sin(by,
Lemma 2.12. Suppose that A = PAP ™', where A is given in equation (2.6). Then

where

~+ ~
=

Q

o

)
—

3

Upon using Lemma 2.9(d), the following lemma has now been proved.

At PeAtP—l
- ’

At

where e’ is given in equation (2.7).
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Example. Suppose that

-4 0 0
A = 0 3 -2
0 1 1

The eigenvalues and associated eigenvectors are
AM=—4,v;=(1,0,00T; =241 wy=(0,1+1,1)".

Setting P = (v Im w2 Rews) yields that

—4 0 0
A=P 'AP = 0 2 -1
0 1 2
Thus,
e ¥ 0 0
el = 0 e%cost —e?sint

)

0 e*sint e cost

and edt = Pert P!

2.2.2. The Jordan canonical form

The results of Lemma 2.10 and Lemma 2.12 required that one be able to diagonalize A in a particular
manner. If A is symmetric, or if more generally the eigenvectors form a basis for C", then A can be
diagonalized in such a way. However, there are special cases, which are typically bifurcation points in
parameter space, for which the diagonalization assumption leading to Lemma 2.10 and Lemma 2.12 breaks
down. It is this case which will be covered in this subsection. Herein it will be assumed that all of the
eigenvalues of A are real-valued. The case of complex eigenvalues is covered in [15, Section 1.8].

Definition 2.13. The spectrum of A € R™"*"™ is given by
o(A):={AeC : det(A —Al) =0}.

The multiplicity of A € o(A) is the order of the zero of det(A — A1) = 0.
Definition 2.14. Let A € o(A) have multiplicity p. Let {v1,...,v,,} for 1 < m < p form a basis for
ker(A — AL). Then

(a) m is the geometric multiplicity A, i.e., mg(A) =m

(b) p is the algebraic multiplicity of A, i.e., my(A) = m.
A € o(A) is simple if mg(X) = ma(A) =1, and A € 0(A) is semi-simple if mg(X) = ma(A) > 2.

(A)
Remark 2.15. If mg(\) = ma(X) for each A € o(A), i.e., if each eigenvalue is semi-simple, then A is
diagonalizable.

Definition 2.16. Let A\ € o(A) be such that am.= p. For k = 2,...,p, any nonzero solution v of
(A — A\1)*v = 0 with (A — A1)*~lv # 0 is a generalized eigenvector.
Remark 2.17. Note that ker((A — A1)7) C ker((A — A1)7*1) for any j € N.

In order to better illustrate the above ideas, consider the following generic example. First suppose that

Al 01
a=(5 )=+ (0 0):

One has that A € o(A) satisfies mg(\) = 1 and m,(\) = 2. The eigenvector is v = (1,0)T, and the
generalized eigenvector is w = (0,1)T. To generalize, for a given j > 2 let N € RJ*J satisfy

1, m=¢(+1,/4=1,...,57—1
Ny = 2.8
(N)e {0, otherwise. (28)
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It can be checked that IN is a nilpotent matrix of order j, i.e., N’/ =0 and N7~} # 0; hence,
j—1 m
Nt __ v n
e’ = Z n!N .
n=0

Note that in this case the entries of eM* are polynomials of degree no larger than j — 1. For the matrix
A = A1+ N one has that A € 0(A) with mgz(A) =1 and m,(\) = j. Finally, from Lemma 2.11 one has that

Jj—1 tn
eAt — e)xteNt — e)\t § 7N'n,
n!” 7
n=0

In order to put a matrix in Jordan canonical form, the general idea is to first build chains of eigenvectors
using the above ideas. This construction will not be carried out herein (e.g., see [15, Section 1.8] and the
references therein), as the procedure is quite technical, and all that is necessary in the subsequent sections
is the final result. As is seen below, the key to systematically diagonalize a nondiagonalizable matrix is to
use nilpotent matrices of the form given in equation (2.8). As a result of the above discussion, note that for
each Jordan block in the statement of Theorem 2.18 one has mg(A) = 1.

Theorem 2.18 (Jordan canonical form). Suppose that A € R™*" has real eigenvalues A1, ..., \,. There
exists a basis of generalized eigenvectors vy, ..., v, such that with P := (v --- v,) one has that P'AP =
diag(B1,..., B,), where the Jordan blocks are of the form B; = A1+ N € R for some 1 < ¢ < n, and
N is given in equation (2.8).

As a consequence of Theorem 2.18, Lemma 2.10, Lemma 2.11, and Lemma 2.12 one has the following
result.

Theorem 2.19. Every entry of et is composed of linear combinations of p(t)e®* cos 8t and p(t)e®t sin 3t,

where A = a + i € 0(A) and p(t) is a polynomial of degree no larger than n — 1.

Example. Consider

-1 1 -2
A= 0 -1 4
0 0 1

Here mg(—1) = 1 and m,(—1) = 2, while mg(1) = m,(1) = 1. It can be checked that with
v1=(0,2,1)T, vy =(1,0,00", w3=(0,1,0)T,
upon setting P = (v; v3 v3) one has
P 'AP =diag(B,,B;); Bi=(1), B;= ( Lo )

One then has that

2.2.3. Estimates on solutions

Now that the construction of the principal fundamental matrix solution is understood, it is time to see
how one can estimate the solution behavior. The following preliminary result is first needed.

Proposition 2.20. For each € > 0 and each j € N there exists an M (j,€) > 0 such that

€€

) < M(j,e)e, M(j,e) = (j)j~

for allt > 0.
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Proof: Set g(t) := tle™“*. Since g(t) is continuous and satisfies g(t) — 0 as t — +oo, there exists a
M (j,€) > 0 such that g(t) < M(j,¢) for all ¢ > 0. The upper bound is found by finding the maximum of
9(t)- .

Now, by Theorem 2.19 each entry of e4? is composed of linear combinations of terms like p(t)e®* cos Bt
and p(t)e* sin 8t, where o + i3 € o(A) and p(t) is a polynomial of degree no greater than n — 1. The next
result then immediately follows from Proposition 2.20.

Lemma 2.21. Set o := max{Re\ : A € 0(A)}. For each € > 0 there exists an M (e) > 0 such that
|eAt| < M(e)e(”M+€)t

for allt > 0.

If all A € o(A) are semi-simple, then in Theorem 2.19 one can set p(¢t) = 1. In Proposition 2.20, if one
sets 7 = 0, then one has ¢ = 0. These observations yield the following refinement of Lemma 2.21.
Corollary 2.22. If all A € 0(A) are semi-simple, then one can set ¢ = 0 in Lemma 2.21.

Lemma 2.21 sets an upper bound on the growth rate of |e4?|. The below results sets a lower bound. Note
that it does not depend on the multiplicity of the eigenvalue with minimal real part.

Lemma 2.23. If o, ;= min{Re X : A € 0(A)}, then
|eAt| Z eomt
for all t > 0.

Proof: Let A € o(A) be such that ReA = oy, and let v be the associated eigenvector. One has that

edty = eMw), so that

A
|e tv| — eomt.
||
The result now follows from the definition of the matrix norm. O

Let us now refine the above estimates. In particular, we wish to find invariant subspaces which have
proscribed behavior for solutions residing in them. Let A € R™*™, and let A € 0(A) be such that mg(X) =m
and ma(A\) = p > m. As a consequence of the reduction of A to Jordan canonical form one has there exists
a basis of generalized eigenvectors {v;;} such that with vg; := 0,

m
(A*)\]].)’Ujﬂ':’vj_l’i, iil,...,m,jil,...,ai, Zal:p
i=1

Definition 2.24. For each A € 0(A) set E\ :=span({v,;}). The subspace E is the called the generalized
eigenspace of A corresponding to the eigenvalue .

Proposition 2.25. F) is invariant under multiplication by A, i.e., AE\ C F).
Proof: Let v € E) be given, so that v =}, 5 CiVji for some constants ¢; ;. By linearity one has that
Av =3 ¢ Avs = ci(Avi+vjo1) = Ao+ ) ¢ivjin
(2% 4,J 2%}
Thus, Av € E). O

As a consequence of the definition of e4* and Proposition 2.25 one has the following result.
Corollary 2.26. e4'E), C E,.

Proof: By Proposition 2.25 AFE) C E), which by an induction argument yields that A*E, C E, for each
k > 1. The result now follows from the series representation for et and using the fact that F) is a closed
subspace. O
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The following spectral subsets given below will be used to decompose R":

Definition 2.27. The stable spectrum and subspace are given by
0%(A):={ € cd(A) : ReA <0}, E°:={0OFE) : \;eo°(4)},
the unstable spectrum and subspace are given by
o"(A):={Aeo(A) : ReA>0}, E":={8E), : \j €c"(A)},
and the center spectrum and subspace are given by
0°(A):={A€0(A) : ReA=0}, E“:={DE), : \j €0°(4)}.
Proposition 2.28. One has that:
(a) R*=E°@ E"® E°
(b) dim(E®*"°) is the number of generalized eigenvectors in the basis for E®"°, respectively
(c) eAtESWe C ESWC, respectively.

Proof: By construction E®, E*, and E° are mutually disjoint. The statement of (a) then follows from the
fact that the generalized eigenvectors form a basis of R™. Since AFE); C Ej,; for each \; € 0"°(A), parts
(b) and (c) follow from Corollary 2.26 and linearity. O

Armed with Proposition 2.28, one can use Lemma 2.21 and Lemma 2.23 to describe the behavior asso-
ciated with solutions residing in each invariant subspace E$"°.

Theorem 2.29. If xy € E®, then there exist positive constants ¢ < a and m, M > 1 such that
me~ % xo| < |eAtao| < Me x|,
while if o € EY, then there exist positive constants ¢ < a and m, M > 1 such that
me|xo| < |edtao| < Me™|zp).
Finally, if ¢ € E°, then there exists a k € Ny with 0 < k <n — 1 such that
mlwol < Jetmo| < M(1 + [t]")]zo).

Remark 2.30. If all A € 0°(A) are semi-simple, then k = 0; hence, in this case solutions residing in E° are
uniformly bounded.

Proof: The result will be proven only for &y € E®, as the other proofs are similar. Set
o~ :=min{Re) : A€ 05(A)}, " :=max{Re : A € 0°(4)},

and note that 0~ < ¢ < 0. By Proposition 2.28 eA*E® C E®; furthermore, by Lemma 2.21 and Lemma 2.23
for each 0 < € < |04 | there is an M (¢) such that

me”txo| < |eAtao| < M(e)el™+ T x|, O

One of the implications of Theorem 2.29 is that the behavior for solutions residing in E*" is exponential
in nature. Solutions in the unstable subspace exhibit growth for ¢ > 0, while those solutions in the stable
subspace decay for t > 0. The behavior of solutions in the center subspace is unknown without more detailed
information, and all that can be said is that any temporal growth is polynomial in nature.

One can summarize in the following manner. By Proposition 2.28 one can write the initial data as

Ty = zy + xf +xf, xyO" e EYON

Using linearity then yields

etlxy = edlad + ezl 4 edlal, (2.9)
The solution behavior associated with e4zy®" is given in Theorem 2.29. The result of equation (2.9), along
with the definitions given in Definition 2.27 associated with the various subspaces, can be summarized in

the following definition.
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Definition 2.31. Consider
T =Azx.

The critical point £ = 0 is a
e sink (attractor): o(A4) = o*(A)
e source (repeller, negative attractor): o(A) = o"(A)
e saddle (unstable saddle): o(A) =0%(A) Uc"(A) with c>"(A) # @.

A

If 0°(A) = @, then the system is hyperbolic, and the associated flow ¢;(xq) := edtzg is called a hyperbolic

flow.

2.2.4. Linear perturbations: stable

Consider equation (2.2) under the assumption that f is smooth enough to ensure unique solutions. Recall
the result of Lemma 2.4. Assuming that A(t) = A, by using the results of Lemma 2.8 and Lemma 2.9 one
can reformulate the solution as

x(t) = At p, 4 / t A=) f (s, (s)) ds. (2.10)

to
Before continuing, we need the following definition which characterizes the behavior of solutions near critical
points, i.e., zeros of the vector field, for equation (2.2).

Definition 2.32. Consider equation (2.2). A critical point a is stable if for each € > 0 there is § > 0 such
that if g € B(a,0), then z(t) € B(a,e¢) for all ¢ > 0. The critical point is asymptotically stable if it is
stable and if limy_, 1 o, (t) = a. If the critical point is not stable, it is unstable.

Remark 2.33. Consider the linear system & = Axz. Upon applying the results of Theorem 2.29 it is not
difficult to show that x = 0 is

e unstable if o%(A) # &
e stable if 0(A) = 0%(A)Uo°(A) and all A\ € 0°(A) are semi-simple
e asymptotically stable if o0(A4) = 0°(A).

Consider equation (2.2) under the assumptions that A(¢) = A and

£(t,z) = B(t)z, /Ooo IB(t)]dt < oo

First suppose that 0(A) = 0%(A) Uc°(A), and that each A € 0°(A) is semi-simple. It will be shown that
the solution, which is given in equation (2.10), is bounded. By the assumption on o(A) one can apply
Theorem 2.29 and conclude that there exists an M > 0 such that |e4*| < M; hence, the solution satisfies
the estimate

t
2(6)] < Mlaal + | MIB(s)][o(s)|ds.
to
Upon using Gronwall’s inequality one gets that
lz(t)| < M|:B0|ertt0 |B(S)\ds7

so by assumption there is a C' > 1 such that |z(¢)| < C|zo| for any t > tg. In particular, this estimate shows
that £ = 0 is stable.

Now suppose that o(A) = 0°(A), so by Theorem 2.29 that there exists an M, > 0 such that |e4?| <
Me=t. As above, one then has that

t
|z (t)] < Me=t=%) |z + [ Me=*t=%)|B(s)| |z(s)| ds.

to
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Set y(t) := |x(t)|e*!, so that the above can be rewritten as

ly ()] §M|y(to)|+/t M|B(s)||y(s)| ds.

As above, there is a C' > 1 such that |y(¢)| < C|y(to)|, which implies that
| (t)| < Claole™ ).

Hence, * = 0 is asymptotically stable.

2.2.5. Linear perturbations: unstable

Finally, suppose that o(A) = 0°(A) Uo"(A). In this case it will be shown that under the assumption
that

—+o0
/ IB()]dt < oo,

—0oQ

as t — +oo the system will have the same behavior as the unperturbed system. The following discussion has
as its inspiration the work of [5, Lecture 4]. Before continuing, the following preparatory theorem is needed:

Theorem 2.34 (Banach’s fixed point theorem). Let X be a complete normed vector space, and let D C X
be closed. Let T : D +— D be such that for all u,v € D,

|7 (w) =T ()| < Llju—vl|, 0<L<I;
in other words, assume that T is a contraction mapping. There is then a unique u* € D such that T (u*) = u*.

Proof: Let ug € D be given, and for n € N define the sequence {u,} via u, 1 = 7 (u,). First note that via
an induction argument one gets

[uns1 = unll = |7 (un) = T (un-1)|| < Lllup = tna]| < L™[ur = uol|

This then implies that for each k € N,

k-1 k—1 k-1 "
tngk = tnll <Y tngjo1 = sl < L™ |uy — uol| = L™ |uy — ol D L7 < 77 lur = woll-
Jj=0 j=0 =0

Thus, {u,} is a Cauchy sequence, and since X is complete and D is closed one has a u* € D such that
u, — wu*. Since 7 is continuous, one then has that 7 (u*) = w*. Lastly, u* is unique, for if there exists
another fixed point v*, then

[u* —v*| = 1T (u") = T ()] < Lfu” — o™,
which is a contradiction, as L < 1. O

Remark 2.35. An application of Theorem 2.34 allows for a much easier proof of Theorem 1.16 for the
system
z=f(x), =z(0)=x. (2.11)
Let ¢, L € R be such that for all u,v € B(zo, 2¢), |f(u) — f(v)| < L|u — v|. Now set
e 1
- : B 2 = 1 —_
€ =sup{lf(2)| : @ € Bleo, 20}, 5i=min{5, 5},

and define

X = CO([—é, S;R™),  |lz|| :== sup |z(¢)],
[t|<6
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and
D:={x e X : sup |z(t) — zo| < 2¢}.
161<5

If one now considers the mapping 7 : D — X given by

T(z) = @ + / Flam)d, | <,

then it can be shown that 7 satisfies the conditions given in Theorem 2.34; hence, there exists a unique
solution to equation (2.11) The remaining details will be left for the interested student.

Let P € R™ ™ be such that
P7'AP = A := diag(A®, AY),

where A®" € R(:m)X(nm0) with ng + ny, = n, and o(A>") = ¢ (A>"). Setting = Py transforms the
original system to B _
9y =Ay+ B(t)y, B(t):=P 'B(t)P. (2.12)

Define the projection operators Il , by
I, := diag(1s, 0), II, := diag(0, 1,),
where 1, € R(s:mu)x(ns:m0) - Note that the projection operators satisfy the properties
LI, =0 =0, N2, =1, I+I,=1; (2.13)

furthermore,
Hs,ueAt = eAtHs,w (214)

As a consequence of Theorem 2.29 one has that there exists a C, a, 3 € RT such that
|eMII| < Ce™@t, t>0;  [eMII,| < CePt, ¢ <0, (2.15)

Choose tg € RT sufficiently large so that
+oo
0 - 0/ Bt < 1,
to

and set
X = C%([to, +o0); R™), |yl := sup [y(t)].
t>to

Define the mapping

t . +oo ~
Ty := / ML B(s)y(s)ds — / M, B(s)y(s) ds. (2.16)

to t

It is not difficult to show that 7 : X — X with |7 y|| < 0]]y||, and that for any y,,y, € X,

+oo
Ty, — Ty, <C t |B(s)||y1(s) — ya(s)|ds
<0y, — yall

Consequently 7 is a contraction map on X.
Now let y, € R™ be given so that IIsy, = vy, and consider the integral equation

y(t) = My + Ty(1). (2.17)

As a consequence of Theorem 2.34 there is a unique solution in X to equation (2.17); furthermore, it is easy
to verify that any solution to equation (2.17) is also a solution to equation (2.12) with the initial condition

+oo .
y(to) =y — / eA(t*S)HuB(s)y(s) ds.

to
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Note that there is then a one-to-one mapping between bounded solutions of the unperturbed problem and
those for the perturbed problem.

Now it must be shown that the solution y(t) — 0 exponentially fast as ¢ — +o00. From equation (2.15)
one has that for t > ¢,

t “+oo .
Tyl <C [ BOIy@kds+ [ @0 B[y ds
to t
< 0lly(t)e™|l.
Consequently, for ¢t > ¢y the solution to equation (2.17) satisfies

ly(1)]e™ < Ce™ly,| + | Ty(t)]e™
< Ce™™yo| + 0y (t)e™|l,

ie.,
ly(t)e || < Ce*™ly,| + 0]y (t)e™].

This necessarily implies that
(1= 0)lly(t)e || < Ce™™[yq,

which in turn yields that
C
t < . e—a(t—to) .
[y < 75190l
In conclusion, it has been demonstrated that there is a one-one mapping between exponentially decaying
solutions for the perturbed problem and those for the unperturbed problem. Finally consider equation (2.12)
under the time reversal r := —t. One then has

~ d
"= —-Ay — B(-r M= —.
y y — B(-r)y, =
Since o(—A) = —o(A), the above argument shows that there is a one-one mapping between exponentially

decaying solutions as r — 400, i.e., as t — —oo, for the perturbed problem and those for the unperturbed
problem. Note here that y, € E".

2.2.6. Nonlinear perturbations

In the previous example the behavior of solutions to equation (2.2) in the case of linear and asymptotically
zero perturbations was considered. The next result deals with nonlinear perturbations which are small in a
neighborhood of the origin.

Theorem 2.36. Consider equation (2.2) under the assumptions that A(t) = A and |f(t,z)| = O(|z|?) for

|z| < . Suppose that o(A) = 0%(A). There then exist constants C,u,« such that if |xg| < u, then the
solution satisfies |x(t)| < Ce=*(t—t0)|xy| for all t > to. In particular, ¢ = 0 is asymptotically stable.

Proof: Since 0(A) = 0°(A), by Theorem 2.29 there exists a C > 1 and A > 0 such that |ed| < Ce™*.
Since |f(t,z)] = O(|z|?), there exists a k > 0 such that |f(t,z)| < k|z|>. Fix ¢ > 0 so that ¢ < § and
Cke < \. Set a:= A — Cke and p := ¢/C, and note that « > 0 and 0 < p < € < 4.

If |xo| < p there exists a 7 > ¢ such that the solution x(t) satisfies |z (t)| < € on the interval I := {t €
R : to <t < 7}. This implies that for ¢ € T one has that

F(t,2(t)] < klz(t)]” < kelz(t)]-

By equation (2.10) the solution is given by

t
@(t) = A0 ag +/ AU f (s, 2(s)) ds,

to
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which yields that as long as ¢t € I,
t
|z (t)] < Ce™ E70) | 20| + Cke / e 9| (s)| ds.
to
Rearranging the above inequality gives
t
M) (1) | < Clao| + Ck:e/ M=) |z ()| ds,
to

which by Gronwall’s inequality yields
eA(t7t0)|:E(t)| < C|m0|eCke(t7t0),

or finally,
lz(t)| < C|m0|e7°‘(t7t°).

If |xo| < p, then the above estimate yields that |z(¢)| < e for all ¢ € I. By the extensibility Theorem 1.20
one then has that 7 = 4-o0; furthermore, £ = 0 is stable. Since o > 0, x = 0 is asymptotically stable. [

Now consider
& =f(z), (0)==o, (2.18)

where f € C*(R™) for some k > 2. Suppose that f(a) = 0. Upon setting y = = — a equation (2.18)
becomes ¥ = g(y), where g(y) := f(a + y). Note that g(0) = 0; hence, without loss of generality one can
always assume in equation (2.18) that a = 0. Now, by Taylor’s theorem one can write

f(z) = Az + r(z),

where A := Df(0) and

Since Df (+) is smooth, by the Mean Value Theorem

IDf (sz) — A| < [sz| sup [D*f(ra)| <|z| sup [D*f(rz)|;
7€[0,1] T€[0,1]

furthermore, since D2f(-) is continuous, there exists a § > 0 and a constant k > 0 such that

sup |D2f(rz)| <k, =€ B(0,9).
7€[0,1]

Thus, |r(z)| = O(|z|?) for z € B(0,d). Applying Theorem 2.36 yields the following result.

Corollary 2.37. Consider equation (2.18) where f : R™ — R"™ is smooth with f(0) = 0. Set A :=Df(0).
If 6(A) = 0%(A), then there exists an « > 0 and a neighborhood U of © = 0 such that if ¢y € U, then
|z (t)| < Clzole " for allt >0

Now consider equation (2.18) under the time reversal s := —t. One than has
d
' =—Ax —r(z ==,
(@), "=

Since o(—A) = —o(A), Corollary 2.37 now applies for s > 0, i.e., t <0.
Corollary 2.38. Suppose that 0(A) = oc"(A). The result of Corollary 2.37 is true for t < 0.
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2.3.  Equations with periodic coefficients

Herein we will consider equation (2.1) under the condition that A(t) is continuous and T-periodic, i.e.,
A(t+T) = A(t) for some T € R*. In order to understand the issues involved, first consider

t=a(t)r, alt+T)=alt).

The fundamental matrix solution is given by ®(t) = efo 4()ds Setting

wimt [Caras, 0 = [ (ats) - a)as

yields ®(t) = P(t)e®t, where P(t) := eP(!). Now,
t 4T
p(t+T) = /0 (a(s) —a)ds+ /t (a(s) — a)ds
T
=p(t) +/O (a(s) —a)ds

= p(1)

so that the fundamental matrix solution is the product of a periodic function with an exponential function.
The initial goal is to show that this property is true for systems. We need a preparatory lemma.

Lemma 2.39. If C € R"*" is nonsingular, then there exists a B € C"*" such that e? = C.

Proof: Let J be the Jordan canonical form of C, i.e., P"'CP = J. If eK = J, then ePEKP™! = C'; hence,
it can be assumed that C is in canonical form. Let Aq,..., A\x € o(C) have multiplicities nq,...,n,. One
has that C' = diag(C\,..., Cy), where each C; € C*%*" with C; = A\;1 4+ N, where N is nilpotent of
order n;. Since C' is nonsingular, A\; # 0 for all j. Motivated by the fact that

In(1 = —1”+1£ <1
n(l+x) Z( ) ot lz] < 1,

n=1

set
n+1

’nj*l n
(=D N
B;:=ln\1+4+S5;, S;:= — =] .
J nA;L+.5j5, J nZ::l n by
The sum is finite because N is nilpotent. As a consequence of Lemma 2.9(c) one has
eBi = )\jesﬂ'.
It can be shown [8, p. 61-62] that
1
eSi =1+ —N;
Aj
hence, eBi = C;. Upon setting B := diag(Bi,..., By), one has that e = C. O
Remark 2.40. The matrix B given in Lemma 2.39 is not unique, as one has the identity

eB—‘,-QZTri]l _ eBQQZTri]l — C]l7 / c7.

As the following result shows, the decomposition of the fundamental matrix solution given in the beginning
of this section for a scalar problem also holds for systems.

Theorem 2.41 (Floquet’s theorem). Consider equation (2.1), where A(t) € R™*™ is continuous with A(t+
T) = A(t). If ®(t) is a fundamental matrix solution, then there exists a B € C"*™ such that

d(t) = P(t)ePt, Pt+T)=P(1).
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Proof: Since A(t) is T-periodic, if ®(¢) is a fundamental matrix solution, then so is ®(¢t + 7). By the
uniqueness of solutions one then has that

B(t+T) = D(£)d(T).

By Lemma 2.39 there is a B € C"*" such that ®(T) = BT which yields ®(t + T) = ®(t)eP”. Upon setting
P(t) := ®(t)e~ B!, one has that

P(t+T)=o(t)eBTe B+ = a(t)e= B = P(t). O

Definition 2.42. The monodromy operator for the fundamental matrix solution given in Theorem 2.41 is
given by eBT. \ € 5(eBT) is known as a Floquet multiplier, and y € o(B) is a characteristic exponent.

If 11 is a characteristic exponent, then A = e*T is a Floquet multiplier. Since B is not unique, the
characteristic exponents are not unique. However, the Floquet multipliers are unique, as these are given by
a(®(T)). As is the case for equation (2.1) when A is constant, one has that o(B) plays a significant role in
the behavior of solutions.

Lemma 2.43. If u € o(B), then there exists a (possibly complex) solution to equation (2.1) of the form
e*'p(t), where p(t) is T-periodic.

Proof: Let ®(t) be the principal fundamental matrix solution at ¢ = 0, so by Theorem 2.41 one has
that ®(t) = P(t)eP’ with P(0) = 1. Since pu € o(B), there exists a v such that Bv = pv. Thus,
z(t) := ®(t)v = e#* P(t)v, which proves the result upon setting p(t) := P(t)v. O

Note that the solution given in Lemma 2.43 satisfies the identity @ (t +T) = Az (t), where \ := et €
o(eBT) is a Floquet multiplier. An induction argument then yields that x(t + nT) = A"x(t) for any n € N.
Now consider the sequence {z}, where x, := z(kT) = \*z(0). If z; = z for some j € Ny, then one has a
jT-periodic solution to equation (2.1). The argument leading to this assertion is similar to that leading to
Corollary 1.19, and is left to the interested student. Since the solution is uniformly bounded on [0, T"), if one
wishes to understand the dynamics associated with equation (2.1) it is sufficient to look at the behavior of
this sequence. However, this is equivalent to looking at the sequence {\*}. If |A| > 1, then [A¥| = [A|F — oo
exponentially fast; hence, the solution £ = 0 to equation (2.1) is unstable. If |[A\| < 1, then 1 > |A[¥ — 0
exponentially fast, so that the solution £ = 0 to equation (2.1) is stable. Now suppose that |A| = 1, which
implies that A = ei2™? for some @ € [0,1). If 6 is rational, i.e., § = p/q for p,q € N relatively prime, then
there is the periodic sequence given by

270 idw0 i2(g—1)70
{1,ei270 o470 ei2(a=1)mly

so that &, = x¢. Thus, there exists a gT-periodic solution to equation (2.1). If 4 is irrational, then the orbit
is dense on the circle |A\| = 1, and the orbit is uniformly bounded, but not periodic.

Lemma 2.44. Let \y,..., )\, € o(eBT). Then
(a) |A\j| <1 for all j implies that & = 0 is asymptotically stable
(b) |Aj| > 1 for some j implies that = = 0 is unstable
(c) |Aj] <1 for all j with |\j| =1 being semi-simple implies that = 0 is stable

Proof: Set © = P(t)y, which gives )
z =Py + Py,
ie.,
y=Pt) " (AB)P) - P(1)y.
Since P(t) = ®(t)e~ 5% one has that

so that upon substitution, y = By. As a consequence of Theorem 2.29 the behavior of y(t) is determined
by o(B). Now, if u € 05%¢(B), then A = e#T € o(eBT) satisfies |A\| < 1, |A\| > 1, |A| = 1, respectively. Since
P(t) is continuous and T-periodic, the result follows. O
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As a consequence of Lemma 2.44 one knows that the dynamical behavior is determined by o(®(T")).
However, one cannot usually directly compute the Floquet multipliers, as the explicit form of the fundamental
matrix is generally unknown. As the following result shows, one can still get some information regarding the
multipliers.

Lemma 2.45. If \; = et T are the Floquet multipliers, then

(a) H Aj = efoT trace A(s)ds
Jj=1

2mi

n T
(b) Zuj = %/0 trace A(s)ds (mod T)

Proof: Upon using Abel’s formula in Lemma 2.2, and assuming that P(0) =1 = P(T),
det <I>(T) — det eBT _ efoT trace A(s) ds.

Part (a) follows from the fact that

n
BT
dete”" = H A,
j=1

while part (b) follows from
H)\j — el X =1 |
j=1

2.3.1. Example: periodic forcing

For the first example which illustrates the utility of Floquet theory, consider
= A(t)x + b(1), (2.19)

where A(t) € R™™ and b(¢) are T-periodic. One has the following result concerning the existence of
T-periodic solutions to equation (2.19).

Lemma 2.46. Let ®(t) be the principal fundamental matrix solution for equation (2.19). If 1 ¢ o(®(T)),
then there exists a unique T-periodic solution.

Proof: By the variation of constants formula, the solution to equation (2.19) is given by

t
z(t) = ®(t)zo +/ d(t)®(s) " b(s) ds.
0
In order to have a periodic solution, one must have that (7)) = zy. Upon some algebraic manipulation this
yields
T
(1 — &(T))xo :/ O(T)®(s) ' b(s)ds. (2.20)
0

If A€ o(®(T)), then 1 — A € o(1 — ®(T)). Hence, if 1 ¢ o(P(T)), then 1 — &(T') is nonsingular, and x is
then uniquely given by
T
zo = (1 — <I>(T))‘1/ O(T)D(s) ' b(s)ds. O
0

In general, of course, it is difficult to compute the Floquet multipliers. However, if A(t) = A, then one
has that if A € o(A), then e*” € o(eA4T). The following result then follows immediately from Lemma 2.46.



ODE Class Notes 36

Corollary 2.47. Consider equation (2.19) under the condition that A(t) = A. If there exists no A € o(A)
such that

A=it—, lez, (2.21)

then there exists a unique T-periodic solution.
Remark 2.48. The condition in equation (2.21) is automatically satisfied if 0°(A4) = @.

Even if the condition of 1 ¢ o(®(7T)) in Lemma 2.46 is removed, it may still be possible to find periodic
solutions to equation (2.19). Upon using the fact that ®(¢) is nonsingular, equation (2.20) can be rewritten
as

T
(@~ H(T) — 1)z :/ ®(s)1b(s)ds. (2.22)
0
If 1 € o(®(T)), then a solution to equation (2.22) exists if and only if

T
/ ®(s) "' b(s) ds € ker (®(T)"' = 1)T)" . (2.23)
0

Now suppose that A(t) = A, and further suppose that T = 27. Assume that i € o(A) is a simple
eigenvalue, and that i¢ ¢ o(A) for any other £ € N\{1}. Using Theorem 2.18, write

P 'AP = A,

where there exist block matrices By,..., B, such that

A:diag(—J;Bly“'aBT)a J::(_? é)

The change of variables y = P~ 'z allows one to rewrite equation (2.19) as
9= Ay +c(t), c(t):=P 'bt).

Since
T T
(e72™ — )T = diag (0,6727‘—]31 —1,...,e 2B _ ]l) ,

(note that (eB)T = eB") one has the right-hand side of equation (2.23) satisfies
ker ((e™>™ — ]1)T)l = span{es,..., e, }.
Thus, there exists a 2m-periodic solution to equation (2.19) if and only if

2
€e; / e Me(s)ds =0, j=1,2. (2.24)
0

Alternatively, since
A= PAP!,

one has that
ATp~T — p~T)AT

where BT := (B™")T. In the original variables equation (2.24) can then be rewritten as
27
P—Tej-/ e Ab(s)ds =0, j=1,2. (2.25)
0

A geometric interpretation of equation (2.25) is that the right-hand side of equation (2.22) is orthogonal to
span{PiTel, PiTeg}, i.e., the eigenspace of AT associated with the eigenvalues i.
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Example. Consider
it = f(1), f(t+2m) = f(b).

By Corollary 2.47 there is a unique 27-periodic solution if
w#Ll, LeN.

Now suppose that the forcing is resonant, i.e., w € Ny. The right-hand side of equation (2.22) is given by

S (S ) e

hence, upon applying equation (2.25) there will exist a 27-periodic solution if and only if

i (s)sin(ws)ds = ! f(s) cos(ws) ds = 0. (2.26)
0 0

Otherwise, the resonant forcing will produce unbounded growth. Note that if one writes f(¢) in a Fourier
series, i.e.,

fit)y = fo+ i ay, cos(nt) + f: by, sin(nt),
n=1 n=1

then equation (2.26) is equivalent to requiring that a; = b = 0.

2.3.2. Example: the forced linear Schrodinger equation

Consider

1
g + 50ee —wg = ep(t)s, pt+T)=p(b),

with the boundary condition ¢(—Nm,t) = ¢(N,t) for some N € N and for all ¢ > 0. Upon using a Fourier
decomposition and setting

+oo
gz, t) = Y qu(t)e™/N,
n=—oo
one sees that for each n € Z,
2
.. n
1gn — OnQqp = ep(t)an Qp = w+ ﬁ

Upon writing ¢, := u, + iv,, one then gets the ODE
T, =A,(t)x,, Ant):=JH(t),

where
J = < _(1) (1) ), H(t) :== — (o, + ep(t))1.

One can understand the dynamical behavior of x,,(¢) through the use of Floquet theory. Set

¢
Bn(t) == ant + e/ p(s) ds.
0
Since [ A, (t)dt- A,(t) = A,(t) - [ An(t)dt, as a consequence of Lemma 2.9(b) a fundamental matrix

solution is given by
— ofc An(s)ds _ cos Bn(t)  sin B, (t)
(I)n(t) =€ = < _sin ﬁn (t) cos ,Bn(t) .

The Floquet multipliers A are the eigenvalues of ®,,(T), and are easily seen to be given by

AE = cos B,(T) % isin B (T) = &% (1)

n —
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where
1 /7
0 (T) = +(av, + ep)T, 7:= —/ p(s)ds.
0
The two linearly independent solutions are given by
zE(t) = () O, pE(t) = pE(t+T);
hence, one has that x,,(t) will be ¢T-periodic if

21 g

ap +€p = T

where j, ¢ € Z are relatively prime; otherwise, the motion will be bounded but quasi-periodic. Note that

since «,, contains the free parameter w, one can always guarantee that at least one of the Fourier coefficients
will be periodic. The full solution to the linear problem will be bounded but quasi-periodic.

Remark 2.49. It is an interesting exercise to attempt to solve the linear problem
. 1
gy + 54z —wq = ep(t)coszq,  g(=Nm,t) = g(Nm,1).

What restrictions could you make to make the problem more tractable?

2.3.3. Example: linear Hamiltonian systems

In many applications systems of the type

e=JH{t)x, H{t+T)=H(t) (2.27)
arise, where H (t) € R?"*2" is symmetric and J is nonsingular and skew-symmetric, i.e., J T—_J In
applications one often also has that J~' = J*, so that JJ = —1. One such example was given in

Section 2.3.2.
Let ®(t) represent the principal fundamental matrix solution to equation (2.27). Since (JH (t))T =
—H (t)J, the adjoint problem associated with equation (2.27) is given by

y=H(t)Jy. (2.28)
Assuming that J? = —1, one gets that
d 2
&Jm =—-J°H({t)J(Jx)
=H(t)J(Jx);

hence, if & solves equation (2.27), then Jx solves the adjoint problem equation (2.28). Thus, J® is a solution
to the adjoint problem, so that the principal fundamental matrix solution to equation (2.28) is given by

U(t) = —-JP(t)J.
Now, it can be checked that another solution to equation (2.28) is ®(¢)~". Uniqueness then implies that
() =—Je(t)" T =J(t) T,

i.e., ®T is similar to ®~!. Thus, for u € o(®(T)) one has that =t € o(®(T)). Since ®(T) € R*"*2"_ one
also has that if 4 € o(®(T)), then p* € o(®(T)). This argument yields the following lemma:

Lemma 2.50. Consider equation (2.27), and suppose that J € R?"*?" is skew-symmetric with J1=JT.
If ®(t) is the principle fundamental matrix solution, then p € o(®(T)) implies that 1/p, u*,1/u*, € o(®(T)).



39 Todd Kapitula

Now suppose that
H(t)=A+eP(t), Pt+T)=P(t),

where both A and P(t) are symmetric. By following the argument leading to Lemma 2.50 it can be seen
that if A € o(JA), then —\, £X* € o(JA). If one assumes that 0(A) = 0°(A) or 0(A) = 0" (A), then it
can be shown that one actually has o(JA) C iR [11, 12]. Under this assumption, let +iu; € o(JA) for
7=1,...,n. When € = 0, the characteristic multipliers are given by

+ +ip; T .
pj:el'uj y j:l,...,n.

These multipliers satisfy | p]i| =1, and are distinct if
T _ 2m .
pi#0 (mod ), j=1....n pjEu#0 (mod =7), j#k. (2.29)

Since the multipliers vary continuously under perturbation, if equation (2.29) holds when ¢ = 0 one has by
Lemma 2.50 that there is an ¢y > 0 such that for the perturbed problem the multipliers are simple and
satisfy |p| = 1 for 0 < € < ¢y. Hence, as a consequence of Lemma 2.44 one has that the trivial solution is
stable for the perturbed problem.

Example. Consider the following variation of the problem given in Section 2.3.2:

. 1
gt + 5 doe — wq = 2ep(t) cos(z)g, p(t+T)=p(t)
with the boundary condition ¢(—Nw,t) = g(Nw,t) for some N € N and for all ¢ > 0. Upon setting

+oo

gz, t) = Y qu(t)e™ N,

n—=—oo
and using the fact that
1 . .
cos(z) = i(e“’” +e '),

one sees that

+oo
1 .
cos(@) =3 5 (o + ).
n=-—0oo

Hence, for each n € Z,

. n

ign — angn = ep(t)(qn-N + GniN), Qi =w+ IN?"
Upon writing ¢, := u,, + iv,, and setting

0 1
(1)
one gets for z, := (un,v,)T the ODE
Ty, = —J(alx, + ep(t) (TN + Tpin))- (2.30)
For fixed n, set )
J .
Y; = TntjN, B = Qnijn = an + 25 + 52

N
The system equation (2.30) can then be rewritten as
y; = —J(jly; +ept)(y;—1 + Y1) (2.31)

Since j € Z, at this point equation (2.31) is an infinite-dimensional ODE. Now truncate by supposing
that for some M > 1 one has that y,,(t) = 0, k > M + 1. Under this restriction equation (2.31) then
becomes 4(M — 1) dimensional, and can be written as

¥ =J(D +ep(t)B)y, (2.32)
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where
yi=(Y_ap-yy), Ji=diag(J,...,J), D:=—diag(B_um1,...,Lul),
and B is symmetric and satisfies B; ;11 = —1 and is zero elsewhere (with an obvious abuse of notation).
When ¢ = 0, one has that
+ig; € o(JD), j=-M,..., M.
Using equation (2.29) and applying the theory preceding this example it is then known that all solutions
will be bounded for 0 < e <« 1 if

B; #0 (mod%), j=—M,...,M; B;+pB#0 (mod%”), j# k.

It is an exercise to give precise conditions on w,n, N such that the above holds true.

2.3.4. Example: Hill's equation

Herein we will consider a simple example problem which is surprisingly difficult to analyze (e.g., see [14]).
Consider
Z+a(t)r =0, (2.33)

where a : R +— R is a continuous T-periodic function. A simple rescaling argument yields that without
loss of generality one may assume that T" = 7. Herein the focus will solely be on developing a stability and
instability criterion. It will first be shown that if

SEIS

0< / a(s)ds < —, a(t) >0, (2.34)
0

then the trivial solution is stable. In other words, it will be shown that equation (2.34) yields that the

Floquet multipliers associated with equation (2.33) have modulus equal to unity (see Lemma 2.44). Note

that after writing equation (2.33) as the first-order system & = A(t)z with

0= sy o)

one has that trace A(t) = 0; hence, by Lemma 2.45 the Floquet multipliers satisfy
Mg = 1. (2.35)

If A1, A2 € Rwith A\; # Ao, then by equation (2.35) one has that without loss of generality |A1]| > 1, so that
the trivial solution is unstable. If Ay = Ay = 1, then there exists a solution z}, such that z,(t + m) = z,(¢),
whereas if A\; = Ay = —1, then there exists a solution z, such that zp(t + 27) = z,(¢). In either case, by
using reduction of order a second linearly independent solution is given by za(t) = u(t)x,(t), where

pii + 20 = 0.

This solution may or may not be unbounded as ¢ — +oco. In conclusion, if A\j, A2 € R with A\; # Ao, the
trivial solution is unstable. Conversely, if A1, Ay ¢ R, then Ay = A} with |A;| = 1, so that all solutions are
bounded for all t € R.

Now suppose that A\;, \a € R. There exists a solution z(t) such that x(t+m) = Aj2(t). Either 2(t) # 0 for
allt € R, or 2(¢) = 0 has infinitely many solutions, with two consecutive zeros z1, 25 satisfying 0 < zo—2; < 7.

In the first case z(7m) = A12(0) and @(7w) = A\1£(0), so that
i) _ i(0)
z(m)  z(0)

Since z(t) solves equation (2.33), upon dividing by x and integrating by parts one gets that

/O’T iggz ds + /OTr a(s)ds = 0.
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This is a contradiction, as a(t) > 0. In the second case, suppose that z(¢) > 0 for ¢ € (21, 22). Let

z(c) := max z(t).
t€(z1,22]

For any t1,ts € (21, 22) the hypothesis on a(t) implies that

L e [TEO o L ) — )]
> [Catas> [ dsz — [ fio)lds = [ e .

T . x(s) ~x(c) Jy, z(c) z(c)

By the Mean Value Theorem there exists specific t1,ts € (21, 22) such that

I’(tl) _ ZL’(C) — $(21)7 I(tg) _ x(ZQ) — IL’(C)

CcC— 21 Z9 —C

Since x(z1) = x(22) = 0, this yields

x'(tg)—i:(tl)za:(c)zzzl:x(c)< LE >>x(c) 1

(c—21)(22 — ¢) c—2 fa—c 29 — 21

Thus,
4

Z2 — 21

%

4 i 4
- > / a(s)ds > -,
Qo 0 ™
which yields a contradiction. Hence, A1, Ay ¢ R.

Remark 2.51. Equation (2.34) is by no means necessary. If one sets a(t) = a2 with ap € RT, then
equation (2.34) becomes ag < 2/7. However, in this case it is known that the trivial solution is stable for
any value of ag. Note that the Floquet multipliers in this case are e¥%7 and are real-valued and equal to
unity for ag = 2¢, £ € N.

Remark 2.52. The restriction on a(t) given in equation (2.34) can be relaxed to

/ a(s)ds >0, / la(s)|ds < 4
0 0 7T

[6, Theorem II1.8.2].
The following general result is useful in many applications (e.g., see [6, Chapter II1.8] and [14]).

Lemma 2.53. Let ®(t) represent the principal fundamental matrix solution to equation (2.33). If| trace(®(n))| <
2, then x = 0 is stable, whereas if | trace(®(m))| > 2, the solution x = 0 is unstable.

Proof: The Floquet multipliers satisfy equation (2.35), i.e.,
det(@(ﬂ)) = )\1)\2 = ].,

furthermore, by Lemma 2.45 trace(®(m)) = A; + Aa. This yields that

Mo = %(trace((ﬁ(ﬂ)) + /(trace(®(m))2 — 4).

If trace(®(m)) < 2, then Ay # Ag with |A;| =1 for j = 1,2; hence, = 0 is stable. If trace(®(m)) > 2, then
A1, Az € R with Ay > 1, which implies that x = 0 is unstable. O

If one denotes the principal fundamental matrix solution via ®(t) = (z(t) y(t)), then
trace(®(m)) = z1(m) + §1(7);
hence, one can paraphrase Lemma 2.53 to say that if
1 () + 41 (7) > 2, (2.36)

then the trivial solution is unstable.
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3. THE MANIFOLD THEOREMS

Consider the two systems

= Az, (3.1)

and
= Az + r(x), (3.2)
where |r(z)] = O(|z|?). As a consequence of Theorem 2.29 the behavior of the flow associated with

equation (3.1) is completely understood. The stability results in Corollary 2.37 and Corollary 2.38 state
that the solution behavior for these systems is asymptotically equivalent if 0¢(A) = @ with the additional
condition that either 0°(A4) = @ or o"(A) = @. What if the second addition is not the case?

The first goal herein is to show that as long as 0°(A) = &, then the flow associated with equation (3.2)
is qualitatively similar to that for equation (3.1). In particular, this will imply that if c"(A) # &, then the
solution & = 0 to equation (3.2) is unstable.

As seen in the discussion leading to equation (4.3) it can be assumed that

A = diag(A®, A"),

where A%" € R("mw)x(nsm) with ng 4+ n, = n, and o(A™") = 6% (A%"). Define the projection operators
I,y by
I, := diag(1s, 0), II, := diag(0, 1,),

where 1, € R(ms:mu)x(nsm0) - Note that the projection operators satisfy the properties
HsHu = HuHs = 03 Hs2',u = Hs,uv Hs + Hu = ]17 (33)

furthermore,
I, et = A, . (3.4)

As a consequence of Theorem 2.29 one has that there exists a C, a, 3 € RT such that
AL < Ce™, t >0; |, < CePt, t <. (3.5)
Let €9 € RT be such that for 0 < € < €,
1 1
o=+ = 1 3.6
(+5)e=t (30

and let ;7 € R be such that for |z| < &1, |r(z)] < eo|z|. Since r(z) is smooth and satisfies the estimate
|r(z)| = O(|z|?), for each given n € RT sufficiently small there exists a 6, € R" such that if |z1], z2| < 4,,
then

|7(22) — r(@1)] < nf@s — @1,

Let 62 € R be such that if |z1], |z2| < o, then
[r(22) — r(z1)| < €o]@a — 1. (3.7)

Set
X = C°([0,+00);R"), ||z == sup|=()],
t>0
and for §p := min{dy, 2},
D:={z(t) e X : ||z|| < dp}.
Now let &g € R™ be given so that I[Igzg = x(; furthermore, suppose that

o] < é [1 _c (; + ;) 60} . (3.8)
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Note that for equation (3.1) the resulting solution satisfies

1 1
|£B(t)| < Ce—at|ggo| < |:1 - C (a + ﬂ) 60:| do. (39)
The second inequality follows from equation (3.8). For such an x, define the mapping 7 : X — X by
t “+ o0
Ty :=z(t) +/ A= r(y(s)) ds — / AL, 7 (y(s)) ds. (3.10)
0 t

The last integral is well-defined as a consequence of equation (3.5). If y € D, then one has that

t “+o0
Tyl < Ce™|zo| + Ceol | / e(=9) ds 4 Ceolly| / A=) g
0 t

ie.,

1 1
ITyll < Clzol + C (a + ﬂ) codo.

As a consequence of equation (3.9) one then has that 7 : D +— D. Upon using equation (3.7) one further
has that for y,,y, € D,

1 1
17y, - Tunl <€ (5 + 5 ) ol - vl

Hence, by equation (3.6) one has that 7 : D — D is a contraction map, so that by Theorem 2.34 the
mapping has a unique fixed point y, € D.

Differentiating with respect to ¢ and using equation (3.3) yields that y, is a bounded solution to equa-
tion (3.2) with the initial condition

“+oo
y,(0) =z — A e AT, 7 (y.(s)) ds.

Thus, for each bounded solution to equation (3.1) there exists a corresponding unique bounded solution to
equation (3.2). Note that

—+o0
My, (0) = 2o, Ty, (0) = - / e AT, (y, (5)) ds;
0

hence, there exists an h® : E® — E" given by

+oo
B (m0) = — /0 e~ ATL, (y.(s)) ds,

such that for the initial condition y(0) = ¢ + h*(xo) one has a bounded solution to equation (3.2). It is a
nontrivial exercise to show that if r(z) is C" for some r € N, then h® is C"~1.
Now let 0 < & < a be given, and It is clear that

r(@)] < Klz|* < Ke™'|z|?,

so that for the fixed point y, to equation (3.10) one has the estimate
~ ~ t ~ ~ +Oo ~ ~
eat|ys(t)| < Ce—(a—a)t‘$0| + CK/ e—(a—a)(t—s)e2as|ys(s)|2 ds + CK/ e(ﬁ+a)(t—s)e2as|ys(s)|2 ds.
0 t

If one defines the norm i
Izl = supe®Ja(0),

then from the above one gets that

1 1
Jw<C CK [
9.l < Claol + CK (25 + 737 ) Il
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Hence, if |y,(0)] < C|zo| + O(|zo|?), which is possible since |h*(zo)| = €0O(d) and |zo| = O(dp), one has
that ||y4|lw < Clzo|. This implies that i
[y ()] < Claole™". (3.11)

Upon using equation (3.3) and equation (3.4) one further has that

+oo
Ly, == [ Ay, (9)ds
t
so that by using equation (3.11) one can conclude that
Jim My, (5] = 0.

Thus, the bounded solutions decay exponentially fast as ¢t — +oo; furthermore, they approach E® in the
limit.

Remark 3.1. There is an analogous result for ¢ € R™; in particular, the bounded solutions for ¢ < 0 decay

exponentially fast and approach E" as t — —oc.

For equation (3.1) one has the existence of invariant subspaces on which the behavior of the flow is
completely characterized (see Theorem 2.29). One cannot expect invariant subspaces for the nonlinear
system of equation (3.2); however, perhaps one can expect invariant surfaces which are realized as a smooth
deformation of a subspace.

Definition 3.2. A space X is a topological manifold of dimension k if each point z € X has a neighborhood
homeomorphic to the unit ball in R*. In particular, the graphs of smooth functions are manifolds.

Armed with this definition and the above discussion, we are now able to state the manifold theorems for
equation (3.2). The proofs of these theorems in the case that 0°(A) # @, as well as the implications of the
existence of the center-manifold W€, will be given at a later time.

Definition 3.3. Let N be a given small neighborhood of & = 0. The stable manifold, W%, is
W :={xg € N : ¢(xg) € NVt >0 and ¢(xg) — 0 exponentially fast as t — +oo}.
The unstable manifold, W, is
WY :={xzp € N : ¢(zg) € NVt <0 and ¢(zg) — 0 exponentially fast as t — —oo}.
The center manifold, W€, is invariant relative to N, i.e., if ¢y € W€, then ¢;(xg) € WeN N for all t € R.
Furthermore, WeNW® =WenW" = {0}.
As already stated, as a consequence of Theorem 2.29 one knows that the above manifolds exist for linear
systems; furthermore, the manifolds in this case are actually linear subspaces. The below results show that

the inclusion of the nonlinear term r(x) only serves to “bend” these linear subspaces into smooth surfaces
which are tangent to the subspace at the critical point.

Theorem 3.4 (Stable manifold theorem). There is a neighborhood N of x = 0 and a C"~! function
h® : NN E®— E°® E" such that W* = graph(h®).
Theorem 3.5 (Unstable manifold theorem). There is a neighborhood N of z = 0 and a C"~! function
A" : NN E" — E°® E° such that W* = graph(h").

Theorem 3.6 (Center manifold theorem). There is a neighborhood N of * = 0 and a C"~! function
h¢ : NN E°®— E“@ E® such that graph(h") is a W¢.
Remark 3.7. One further has that:

(a) dim(W#=") = dim(E>")

(b) The manifolds are invariant, i.e., if &y € W*%", then ¢¢(zg) € W for all t € R
(c
(d

(e) W€ is not unique. For example, consider the system

WSSt ig tangent to E5" at € = 0
The dynamical behavior on W* and W" is determined solely by the linear behavior

)
)
)
)

j,‘:$27 y:_y
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4. STABILITY ANALYSIS: THE DIRECT METHOD

Consider the autonomous systems
&= f(z), (4.1)

where f € C%(R") is such that £(0) = 0. The stability results presented in Section 3 rely upon a spectral
analysis of Df (0). Even in the case of stability, no indication is given as to how close the initial data must
be to the equilibrium solution in order to guarantee stability. Furthermore, the results contained therein
leave open the question of stability in the case that 0¢(A) # @. In this section we will approach the stability
question from a different perspective.

4.1. The w-limit set

Before the dynamics associated with equation (4.1) can be carefully studied, a mathematical description
of the associated long-time asymptotics is necessary. In particular, a meaningful way to describe what it
means for a time-dependent solution to be stable is necessary. The goal of this subsection is to develop this
technology.

Definition 4.1. Let the unique solution to equation (4.1) be denoted by ¢;(x). One says that ¢; is the flow
defined by the vector field f(x).

Restating Theorem 1.16, Theorem 1.17, and Lemma 1.18 in terms of the flow yields:

Lemma 4.2. The flow associated with equation (4.1) satisfies
(a) ¢o(z) =z
(b) Psre(®) = di[s()] = bs[de()]
(c) ¢e[p—i(z)] = =.

Furthermore, the flow is as smooth as f(x).

Lemma 4.3. If ¢;(z*) = «* for all t > 0, then * is a critical point. If ¢r(x) = = and ¢.(x) # x for all
t € (0,T), then ¢:(x) is a periodic orbit with period T.

In addition to talking about the flow associated with a single starting value, one can discuss the flow of
sets:

Definition 4.4. The flow of a set K C R"™ is given by

¢ (K) = | du(=).

TeK

Example. If T is a periodic orbit, then ¢;(T") =T
Definition 4.5. Let p € R™ be given. The positive orbit, y7(p), is given by

U o(p),

t>0

(

p):

and the negative orbit, v~ (p), is given by

v (p) == éi(p),

The orbit, ¥(p), is given by v(p) := v~ (p) Ur" (p).
We are now in position to describe the long-time asymptotics of the flow.
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Definition 4.6. The w-limit set is given by

ﬂ{¢t tt>T1h

7>0

and the a-limit set is given by

ﬂ{¢t rt<Th

7<0

Remark 4.7. It is an exercise to show that
wip)={y eR" : ¢, (p) »yasty — +oo}, a(p)={yeR"”: ¢, (p) = yast, — —oo}.

The following result completely characterizes the properties of the w-limit set in the case of bounded
solutions.

Lemma 4.8. Suppose that y*(p), (v~ (p)) is bounded. Then w(p), (a(p)) is a closed, nonempty, connected,
invariant set.

Proof: The proof will only be given for w(p), as that for a(p) is similar. Let K C R™ be a compact set
such that v (p) C K. By supposition, for each 7 > 0

{¢e(p) 1 t> T} CK,

so that {¢:(p) : t > 7} is compact. In addition, {¢:(p) : t > 7} is connected for each 7 > 0. Finally, for
each 75 > 71,

{d:(p) : t > 1} C{oe(p) : t > 71}

Hence, w(p) is the intersection of a nested family of compact connected sets, so by the Bolzano-Weierstrass
theorem w(p) is nonempty compact connected set.

Now let us show that w(p) is invariant. Let y € w(p) be given. By Remark 4.7 there exists an increasing
sequence {t,} with ¢, — oo such that ¢; (p) — y as n — co. By Lemma 4.2

b1, +t(P) = Ot[¢r, (P)],

so by continuity one gets that

nll_{{.lo b, +t(P) = Pe(y).

Since t,, +t — o0 as n — oo for any fixed ¢ € R, one then has that

lim ¢, 4+(p) € w(p);

n—oo

hence, ¢;(y) € w(p). O

Critical points and periodic orbits correspond to invariant sets. What other type of orbits are to be found
in w(p)? Two examples are:

Definition 4.9. Consider equation (4.1), where f(py) = 0 and f(p,) = 0 for p_ # p,. A homoclinic
orbit satisfies

li = py.
. im ¢t($0) Po
A heteroclinic orbit satisfies

i gr(zo) = p
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4.2.  Lyapunov functions

The goal is to determine the stability of the critical point through the use of generalized energy functions.

Definition 4.10. The C! function V : R™ ~ R is positive definite if V(0) = 0 and V(z) > 0 for z # 0.
The function is negative definite if —V'(z) is positive definite.

If V(=) is positive definite, and if V is C2, then one has VV(z) = 0 with o(D?V(0)) = ¢*(D?*V(0)).
Furthermore, the level set V(x) = € has a "nice” component surrounding & = 0 for € > 0 sufficiently small.

For example, consider
1 o1
V(o) = gai+ [ ats)ds (42)
0
where g(0) = 0 and yg(y) > 0 for all y # 0. Since yg(y) > 0 implies that foxl g(s)ds > 0, this choice of V' is
a positive definite function.
Along trajectories one has that

For example, for the planar system

:tl = T2, :t2 = _g(xl)v
the function given in equation (4.2) satisfies V =0, i.e., it is constant along trajectories. Since VV(x) is the
outward pointing normal to the level set V(x) = ¢, a minimal condition for the set bounded by V(z) = €
to be invariant is that VV'(z) - f(z) < 0, as under this constraint the vector field is either parallel or points

into the set. If V' > 0, then the vector field points out of the set. This observation leads to the following
result:

Theorem 4.11 (Lyapunov’s Stability Theorems). Suppose that V : R™ — R is positive definite. Consider
equation (4.1). If

(a) VV(z) - f(x) <0, then x = 0 is stable

(b) VV(x)- f(x) <0, then & = 0 is asymptotically stable

(c) VV(x)- f(x) >0, then © = 0 is unstable.

Proof: (a) For each r > 0 set B(r) := {x € R" : |z| < r}. Let Q be the region containing the origin such
that V() is positive definite on 2 with VV (z) - f(x) < 0. Since V() is positive definite, there is an ry > 0
such that B(rg) C Q. Let &y € B(rg) be given, and let the solution emanating from xy be denoted by ¢(t).
By Theorem 1.16 and Theorem 1.20 there is a 0 < 3(x() < 400 such that 3(xo) is maximal and ¢(t) exists
for all ¢t € [0, B(x0)). By hypothesis and the Fundamental Theorem of Calculus,

V(e(t) = V(zo) = % ds = /O VV(4(s)) - f(#(s))ds < 0;

0

hence, V(¢(t)) < V(o) for all t € [0,5(xg)). As a consequence of Theorem 1.16, ¢(t) # 0 for all t. Since
V() is positive definite, one can then conclude that 0 < V(¢(t)) < V(zg).
Let € > 0 be given with 0 < € < 7, and set

Sei={x eR" : e<|z| <1}
Since V(x) is continuous and S is closed, there exists a

0 = min V().
<pi=minV(z)

The left-hand inequality arises since V (x) is positive definite. Since V(0) = 0, there is a 0 < § < p such that
if |zg| < 9§, then V(xo) < p. Thus, if |zo| < 6, 0 < V(¢(t)) < p for all ¢ € [0, 5(xo)). By the definition of p
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this implies that ¢(t) ¢ S, so that |¢(t)| < € for all ¢ € [0, 5(xo)). Hence, B(xo) = +00, and the solution is
stable.

(b) Since & = 0 is stable, it must now be shown that lim;_, y , ¢(t) = 0. Since V() is positive definite, it
is enough to show that lim;, ;o V(¢(t)) = 0. Suppose that there exists an 0 < n < ro such that V(¢(t)) > n
for all ¢ > 0. Since V(z) is continuous, there is a 6 > 0 such that if || < 0, then V(z) < n. Since
V(¢(t)) > n, it must be true that |¢(¢)| > § for all ¢t > 0. Set

Ss={x eR" : § <|z| <ro},
and consider V*(x) := —VV () - f(x) on Ss. By hypothesis V*(x) > 0 is continuous on Ss, so that there
is a
0 = min V*(x).
<pi= min V()
Since 0 ¢ Ss, and since ¢(t) € Ss for all ¢ > 0, one has that

~V(6(1)) = V*(6(1) = n.

From the Fundamental Theorem of Calculus one then gets that

V(@o) — V(6(1)) = / V*(6(s)) ds > pu;

hence, V(4(t)) < V(xg) — put. For t > V(x¢)/p one then has that V(¢4(t)) < 0, which is a contradiction.
(c¢) By the Fundamental Theorem of Calculus one has that for each to > t; > 0,

V(9(t2)) = V(e(ta)) = / 2 VV((s)) - f(9(s)) ds > 0;

t1

hence, V(4(t)) is a strictly increasing function. Let T' > 0 be the first time that |¢(T")| = rg, and if no such
T exists, set T = 400. As in the proof of (b), |¢(¢)] > d for all ¢t € [0,T]; hence, on the set S5 one has
VV(g(t)) - f(¢(t)) > p and consequently V(¢(t)) > V(xg) + ut. Since V(z) < M for |z| < rg, this yields
T < +oo0. 0

Remark 4.12. The statement of part Theorem 4.11(c) can be weakened in the following manner [4, Exer-
cise 1.38]. Suppose that V(z) : R" — R is C* and satisfies

(a) V(0)=0
(b) VV(z)- f(z) >0
(¢) V(x) takes positive values in each sufficiently small neighborhood of = 0.

Then x = 0 is unstable.

For an example, consider equation (4.1) under the assumptions that o(A) C R, and that each A € o(A) is
semi-simple. As previously discussed, the second assumption is generic. There then exists a nonsingular ma-
trix P € R™ ™ such that P"' AP = A, where A := diag(\1,...,\,). Upon setting £ = Py, equation (4.1)
becomes the system

y=Ay+g(y), gy :=P 'r(Py) (4.3)
Note that |g(y)| = O(Jy|?) for y sufficiently close to the origin. Furthermore, since P is nonsingular, any
stability statements made regarding equation (4.3) immediately apply to equation (4.1).
Now define the positive definite function

1 n
V(y) = 5 ny
i=1

One has that for equation (4.3),

V(t) = Zyzyz . Z)\zyf + Zyzgz(y)
i=1 i=1 i=1
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For each € > 0 there is a ¢ > 0 such that if |y| < J, then |g;(y)| < €|y|. This follows from the fact that
lg(y)| = O(|y|?). Suppose that o(A) = 0°5(A); hence, there exists a p € RT such that \; < —p < 0 for all
i. If € < /2, then one has that

V() <Y+ < —Slyl? <o,
i=1

so by Theorem 4.11 y = 0 is asymptotically stable. Similarly, it can be shown that if 0(A) = ¢"(A4), then
y = 0 is unstable, as in this case V(t) > 0 for |y| < e.

Remark 4.13. It is an exercise for the student to show that a saddle is unstable. The proof requires an
application of Remark 4.12.

The result of Theorem 4.11 is local in the sense that a definitive statement can be made only in a
sufficiently small neighborhood of a critical point. The next result gives one possible way to make the result
more global; furthermore, it precisely locates the w-limit sets.

Theorem 4.14 (Invariance principle). Consider equation (4.1). Let V' : R™ — R be positive definite, and
for each k € R set
Uy :={x eR" : V(x) < k}.

Suppose that VV (z) - f(x) < 0 on Uy. Set
S:={x el : VV(z)- f(x)=0}.

For each xq € Uy, one has that w(xzg) C S. In particular, if {0} C S is the largest invariant set in Uy, then
x = 0 is asymptotically stable.

Proof: The proof requires the material presented in Section 4.1. Since VV(z) - f(x) < 0 on Uy, one has
that the set Uy is invariant under the flow; furthermore, V(¢ (zo)) < V(¢s(xo)) < V(xo) for all s < ¢t € R™.
For a given g € Uy, let p € w(xg). The existence of such a point is guaranteed by Lemma 4.8. By
Definition 4.6 one further has that V(p) < V(¢(zo)) for any t € RT. Let {t,} C RT be a monotone
increasing sequence with ¢, — +o0o0 as n — +oo such that ¢, (xo) — p as n — 4o0o. By continuity
one has that V(¢ (x9)) — V(p) as n — +o0o. The continuous dependence of solutions on initial data
(see Theorem 1.17) implies that for n € N sufficiently large and ¢ € R sufficiently small one has that
|pett, (€o) — &d+(p)] is small. Consequently, by continuity one has |V (¢pite, (20)) — V(é4(p))] is small for
n € N sufficiently large and ¢ € R sufficiently small. Suppose that p ¢ S, so that V(p) < 0. One then has
that

V(gi(p)) <V(p) <V(o—s(p)), 0<t<1,
so by continuity one has that for n € N sufficiently large,
V(o1 +1(®0)) <V (¢, (®0)) < V(dr,—t(20)).

Continuity then yields that V(¢ 1+(xo)) < V(p) for n € N sufficiently large and 0 < ¢ < 1 sufficiently
small. This is a contradiction; hence, one must have p € S.

The stability of @ = 0 follows immediately from Theorem 4.11. Since w(xo) C S, one has that
dist(¢¢(xo), S) — 0 as t — +oo. If {0} C S is the largest invariant set in Uy, then one gets that = 0 is
asymptotically stable. O

For an example, consider van der Pol’s equation,
i+2p(l —a®)i+a=0, u>0.
In Lienard form it is written as
i1 = —2pux (1 —22/3) + 29, 9= —x1.
Consider the positive definite function V(z) = (2% + x3)/2. One has that

VV(z)- f(x) = —2uzi(1 - 21/3).
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If one sets
Usjp={x €R® : V(z) < 3/2},

then VV(z) - f(x) <0 for € Us/y. Set
S:{mGU?)/Q : 1’1:0}

Now, @1 = x2 # 0 except at (0,0). Hence, the origin is the largest invariant set in S, so by Theorem 4.14
x = 0 is asymptotically stable.

4.2.1. Example: Hamiltonian systems

Hamilton’s equations of motion are given by

_om o
Qz—api, bi = 3(]1"

i=1,...,n, (4.4)

where H = H(p, q) € C%(R?"). Note that upon setting = := (g, p)T equation (4.4) can be written as

&= JVH(z), J:= ( 2 ) (4.5)
For example, if one considers
i+ flz) =0 (4.6)
then by setting (q,p) := (z, &) one has the Hamiltonian
1, a
H(p.q) = 5"+ Fla), Fla)= [ [f(s)ds. (4.7)
0

In equation (4.7) one has the physical interpretation that p?/2 is the kinetic energy and F(q) is the potential
energy. One has that
. ~0H "~ 0H
H = —q; —p; = 0;

hence, one can use the Hamiltonian as a Lyapunov function. Without loss of generality one can assume that
H(0)=0. If VH(0) = 0, i.e., if z = 0 is a critical point for equation (4.5), and if H is positive definite,
ie., 0o(D?H(0)) = o%(D?H(0)), then by Theorem 4.11 the origin is stable. The conclusion still follows if
H is negative definite, i.e., c(D?H(0)) = ¢*(D?H(0)), if instead of taking H as the Lyapunov function one
takes —H.

Now assume that

H(p,q) = %ZP? +o(q),
=1

where ¢(0) = 0 and V¢(0) = 0. Upon a change of coordinates one can write
1 n
_ 2 3
o) = 5 St +0(al’)

In this new coordinate system the Hamiltonian equations are

Gi =pi, P =—a:qi +O(q]).

The linearization about the critical point yields the eigenvalues A = +1/—a;. Note that these eigenvalues
are generally semi-simple. If ¢ is positive definite, i.e., if a; € RT for each 4, then it is easy to show that H
is positive definite; hence, the origin is stable. If a; € R~ for some (but not all) i, i.e., if ¢ is not positive
definite at ¢ = 0, then the origin is a saddle point, and by Remark 4.13 is consequently unstable.
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For example, again consider equation (4.6), with the associated Hamiltonian given in equation (4.7).
Assume that F’(0) = f(0) = 0, and note that F”(0) = f’(0). From the above discussion one has that
if f/(0) < 0, then the origin is unstable, whereas if f/(0) > 0 the origin is stable. Thus, minima of F
correspond to stable critical points, while maxima correspond to unstable critical points. This corresponds
to the physical intuition that minimum points of the potential energy are stable, while maximum points are
unstable.
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5. PERIODIC SOLUTIONS

Again consider the autonomous system
& =f(z), (5.1)

where f : R™ — R” is smooth. Recall that from Lemma 4.8 it is known that for bounded trajectories the
w-limit set is compact, connected, and invariant. In Section 4 some conditions were given which guaranteed
that this set was the critical point * = 0. In this section we will be concerned with the existence and
nonexistence of periodic solutions. Most of the results given herein will be applicable only in the case that
n = 2, as the topology of the plane allows one to make more definitive statements regarding the w-limit set.
In fact, unless otherwise stated it will henceforth be assumed that n = 2.

5.1. Nonexistence: Bendixson’s criterion

In this subsection we will give a criteria which guarantees that no solutions exist to equation (5.1). Before
doing so, however, one needs to be re-acquainted with Green’s Theorem and the Divergence Theorem. This
in turn requires the following characterization of closed continuous curves v C R2.

Theorem 5.1 (Jordan Curve Theorem). A simple closed continuous curve v C R? divides the plane into
two connected components. One is bounded, and is called the interior of -y, and the other is unbounded and
called the exterior of the «y. Each component has «y as its boundary.

Definition 5.2. If v C R? satisfies the Jordan Curve Theorem, set int(7y) to be the interior of 7, and ext(~)
to be the exterior of ~.

Theorem 5.3. Let f = (f1, f2) : R? — R? be smooth. Let v C R? be a Jordan curve bounding a domain
D. One has the following results:

(a) Green’s theorem: ff -dR = // (Oz, fo — Oz, f1) dA
’Y D

(b) Divergence theorem: ?{fldxz — fodxy = // V.- fdA,
¥ D

where V- f i= O, fi + Oy fo.

If in Theorem 5.3 one thinks of v as representing a invariant Jordan curve, e.g., a periodic orbit, for
equation (5.1), then one can interpret Green’s Theorem and the Divergence Theorem as giving necessary
conditions on the vector field for the existence of v. In particular:

Theorem 5.4 (Bendixson’s criterion). Consider equation (5.1) when n = 2. Let @ C R? be a simply
connected region. If V - f(x) # 0 for all ¢ € Q, then the system has no invariant Jordan curves contained
in .

Proof: Suppose that there is an invariant Jordan curve v C 2. Parameterize the curve so that it is traversed
once in the counterclockwise direction for 0 < ¢ < 1. Set D := int(7y). Since the curve is invariant one has
that the vector field f is tangent at all points; consequently, one can say without loss of generality that
#; = fi(x) along the curve. One then has that

! dxo dxq
dxg — fodx; = — — fo——)dt = 0.
j{fl Ty — fodxy /0 (f1 ar fo dt) 0

By Theorem 5.3(b) this then implies that

//Dv-fdA:O,

which contradicts the assumption that V - f never changes sign. Hence, v does not exist. O
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For the first example, recall that in Section 4.2 van der Pol’s equation, in Lienard form, was given by
T, = —2/1331(1 - Z‘%/S) + 2o, o= —I7.

Further recall that if z(t) € Us := {x € R? : 2% + 23 < 3} for any value of ¢, then z(t) € Us for all t € R
with #(t) — 0 as t — co. Now, V- f = —2u(1 — z%). Upon setting

Ui::{m€R2:x1>l}, Ul i={z cR?: 2; < —1},

an application of Theorem 5.4 then yields that any periodic solution v must satisfy v C R*\Uy with v ¢ U1
and either (or both) yNUL # &.
For the second example, consider

Z + p(z)t + q(z) = 0.
Suppose that p(x) > 0 (damping). For the system

&y = w2, @o = —q(x1) — p(w1)T2

one has that V- f = —p(z1) < 0. Hence, by Theorem 5.4 no periodic solution exists. In fact, if ¢(0) = 0 and
xq(z) > 0 for all z # 0, then by using the appropriate Lyapunov function one has that for any zq, z(t) — 0
as t — oo.

5.2,  Existence: Poincaré-Bendixson Theorem

Now that one has criteria for which no periodic solutions exist, it is time to develop conditions under
which one can guarantee the existence of such solutions. The notation and ideas presented in Section 4.1
will be used extensively here.

Again consider equation (5.1) in the case that n = 2. Let v := {¢:(p) : 0 < ¢ < T} be a periodic orbit
with minimal period T. Let v € R? be chosen so that v - f(p) = 0. The vector v is said to be transversal
to v at the point p. For € > 0 set

Loi={xcR?: z=p+av, |a] <€}

L. is said to be a transversal section to v at p. Since f(p) # 0, ¢ > 0 can be chosen sufficiently small so
that L. Ny = {p}, and that all orbits crossing L. do so in the same direction.

Lemma 5.5. Thereisad > 0 such that if xg € Ls, then there is a continuous T(xz¢) > 0 with limg, ., T'(xo) =
T such that

¢T(z0) (:BO) € L.

Proof: Since f is smooth, the flow ¢;(x) depends smoothly on . Applying the Implicit Function Theorem
to G(t,z) := v - f(¢e(x)) (note that G(T, p) = 0) yields the result. O

Remark 5.6. If f : R™ — R"”, the transversal section is defined by

n—1
Y= {m ERn Y :p+zaiv’ia |al| SG},
i=1
where {v1,...,v,_1} is a linearly independent set which satisfies v, - f(p) = 0 for all 1.
Lemma 5.5 allows one to define a smooth map near a periodic orbit.
Definition 5.7. The return time map is given by 7'(x), and the Poincaré map is given by Il(z) = ¢7(a) ().
Lemma 5.5 allows one to understand the dynamics near a periodic orbit via a study of a map, versus
the study of the full flow. The advantage to this approach is that the dimensionality is reduced by one.

However, even in the case that n = 2 this does not necessarily imply that the problem is easy (e.g., see [7,
Chapter 3]). However, one recovers periodic orbits quite easily as fixed points of II.
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Lemma 5.8. Let xg € X, where X is defined in Remark 5.6. TI(xq) = x¢ if and only if ¢¢(x) is a periodic
orbit with minimal period T(xg).

Proof: By definition, II(zg) = o if and only if ¢7(,,)(z0) = xo for some T(xzg) > 0. The result now
follows from Theorem 1.16. O

Consider equation (5.1) when n = 2. Suppose that there is a section L C R? such that for the orbit ¢;(p)
one can define a Poincaré map Il : L — L. Without loss of generality it can be assumed that L is a subset of
the z1-axis, so that the map can be represented by (z1,0) — (II(x1),0). By Theorem 1.16 and smoothness
one has that the map is a diffeomorphism. For a given point (z1,0) € L, one has three possibilities for the
map: (a) II(z1) = z1, (b) U(x1) > x1, or (¢) I(z1) < x;. Case (a) implies that (x1,0) is contained in
a periodic orbit. The uniqueness of solutions implies in cases (b) and (c) that the sequence {II/(x1)} will
either be monotone increasing (case (b)) or decreasing (case (c)) for all j € N. If one assumes that v (p) is
bounded, then one has that the sequence is bounded, and hence has a limit point. The following theorem
allows one to characterize the orbits associated with these limit points.

Theorem 5.9 (Poincaré-Bendixson Theorem). Consider equation (5.1) under the assumptions that n = 2
and that there exist only a finite number of critical points. Suppose that for some p € R?, v (p) is bounded.
Then one of the following holds:

(a) w(p) is a critical point
(b) w(p) is a periodic orbit

(c) w(p) is the union of finitely many critical points and perhaps a countably infinite set of connecting
orbits

In cases (b) and (c) w(p) satisfies the Jordan Curve Theorem.

Proof: E.g., see [17, Chapter 4.3]. The basic idea is to carefully study the properties of the relevant Poincaré
map. O

Remark 5.10. One has that:
(a) if v~ (p) is bounded, then there is a similar result for a(p)
(b) case (c) allows the existence of heteroclinic and homoclinic orbits

An easy consequence of Theorem 5.9, which is especially useful in applications, is the following:

Corollary 5.11. If there is a positively invariant region ) which contains no critical points, then 2 contains
at least one periodic orbit.

If v ¢ R? is a periodic orbit, one can characterize its stability in the following manner.
Definition 5.12. A periodic orbit v C R? is a limit cycle if there is a p, € int(y) and p, € ext(y) such
that either w(p;) = w(py) =7 or a(p,) = a(py) =7.

5.2.1. Examples

Example (I). Consider
i1 = By — xo + (32T + 223) 21, do = @1 + Brg + (327 4 223w
In polar coordinates (z1 := 7 cos 8, x5 := rsinf) the system is
=784 (2+cos?0)r?), 6=1.

If 8 > 0, then 7 > 0, so that all solutions are unbounded as t — +o0; hence, there exist no periodic orbits.
As t — —oo all trajectories approach the origin.
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Suppose that § < 0. For 0 < € < 1 consider the annulus

g

— €

B
24¢€

D, :={(r,0) : <r’< }.
Since 7(B+2r?) < 7 < r(B+3r?), D, is negatively invariant, i.e., the vector field points out on the boundary
of D.. Thus, if p € D, v~ (p) satisfies the hypotheses of the Poincaré-Bendixson theorem. Since D, contains
no critical points, a(p) is a periodic orbit.

Unfortunately, the Poincaré-Bendixson theorem says nothing about the number of periodic orbits in D..
However, since D, is an annulus (which is not simply connected), by appropriately modifying the proof to
the Bendixson criterion (see [15, p. 262]) one cay say the following.

Lemma 5.13. Consider & = f(x), where f : R? — R? is smooth. Suppose that there is an annular region
Q) C R? such that V - f(z) # 0 for all x € Q. Then there exists at most one periodic orbit v C .

Example (I (cont.)). A routine calculation shows that
V- f(x) =2(8+2(2 + cos? 6)r?),

so that V - f(x) > 0 for r? > —3/4. Thus, V- f(z) > 0 for all £ € D,, so that by Lemma 5.13 there is
only one periodic solution contained in D.. Also, 7 < 0 for r? < —3/3 and 7 > 0 for 7 > —3/2 implies that
neither of these regions contains a periodic orbit. Hence, the periodic orbit contained in D, is unique.

Remark 5.14. In general, an invariant region may contain more than one periodic orbit. Consider
F=—r(r—1)(r—2), =1

The annulus )
D :={(r,0) : 3 <r?< g}

is positively invariant, and contains the two periodic orbits r = 1, 2.

Example (II). Recall that Van der Pol’s equation, in Lienard form, is given by
Ty = —2/11}1(1—1‘%/3)4—332, To = —X1.

Suppose that p < 0. It can be shown that the set Spes 1= {z € R? : 22 + 2% < 3} is negatively invariant;
furthermore, if 29 € Sheg, then z(t) — 0 as t — —oo. Furthermore, it has been seen that any periodic
solution must intersect either (or both) of x; = £1.

Let us now show that such a periodic solution exists in a particular limit. Set e := 1/|ul|, &2 := exs, and
rewrite the equations (upon removing the hat) as

ety = 221(1 — 22 /3) + 2o, @9 = —exy.

This is a singular system, for the vector field is not smooth as ¢ — 0F. Set s := t/¢, so that the equations
now become (:= d/ds)
x) =2x1(1 — 22/3) + a9, xh = —€%x1.
Let us first study this new system in the case ¢ = 0. The lines o = C' are invariant, and on these lines
the ODE is given by

z) =221 (1 — 2% /3) + a5.

Thus, one can construct an invariant Jordan curve, say -y, composed of critical points and heteroclinic orbits.
It can be shown that given § > 0 there is an ¢y > 0 and an open set U lying within a distance § of + such
that U is positively invariant for 0 < € < ¢p. This set U will contain no critical points, so by the Poincaré-
Bendixson theorem there will exist a periodic orbit in U. The proof is by picture, and uses the fact that
xl, = —e%xy for € > 0. The resulting periodic solution is an example of a relaxation-oscillation (a periodic
solution operating on different time scales). See [17, Chapter 12.3] for further details.
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Example (III). Let v; and 72 be two invariant Jordan curves, and suppose that v; C int(y2). Set D :=
int(y2) Next(y1). Suppose that there exist no critical points or periodic orbits in D. Let g € D be given.
Since D is bounded and invariant, w(xg) C D. Since D contains no critical points or periodic orbits, by
the Poincaré-Bendixson theorem one has that either w(zg) = v or w(xg) = 2. Without loss of generality,
suppose that w(xg) = v1. Let us now show that for p € D, w(p) = 1.

Suppose that there is an 1 € D such that w(xq1) = 2. Let ¢ be the line containing ¢ and x; which
transversely intersects y; and 5. Pick a point o € £ which is between xy and x;. By the uniqueness of
solutions, v~ (z2) is trapped between v (zo) and v (), which implies that v~ (z2) is uniformly bounded
away from both v; and ~2. By the Poincaré-Bendixson theorem «(xs) is either a periodic orbit or contains
critical points. Since a(x2) C D and a(zz2) N (y1 Uvy2) = &, this implies that D itself contains either a
periodic orbit or critical points. This is a contradiction; thus, w(x1) = 1.

5.3.  Index theory

Given a periodic orbit v C R?, it is natural to inquire as to what types of orbits reside in int(vy). In
particular, does int(y) necessarily contain critical points? If so, is the nature of the flow near the critical
point necessarily proscribed? An application of the following theorem yields an answer to the first question.

Theorem 5.15 (Brouwer’s fixed point theorem). Let U C R™ be homeomorphic to a closed ball in R™. Let
g : U — R" be continuous and satisty g(0U) C U. Then g has at least one fixed point in U, i.e., there is
at least one * € U such that g(z*) = z*.

Theorem 5.16. Let v C R? be an invariant Jordan curve. Then int(vy) contains at least one critical point.

Proof: If v C R? is a Jordan curve, then int(vy) is homeomorphic to a closed ball in R2. Since the flow is
continuous and satisfies ¢ (int(vy)) = int(y), one can attempt to apply Theorem 5.15 to deduce the existence
of an equilibrium point.

For a given p € int(y) one has that ¢;(p) € int(y) for all ¢ > 0; in particular, this implies that for a
given t; > 0 one has that ¢, : int(y) — int(y). Thus, by Theorem 5.15 there is a p; € int(7y) such that
o1, (p1) = p;. Choose a decreasing sequence {t,,} with lim,,_,, ¢, = 0, and get the corresponding sequence

Without loss of generality, suppose that lim, .., p, = p*. For each ¢ € R and any n € N there is a
kn € Z such that k,t, <t < (k, + 1)t,, so that 0 < ¢ — k,t, < t,. Hence, given ¢ > 0 there is a 6 > 0
such that if ¢,, < ¢, then |¢r—g, ¢, (P,) — P,| < €/3. By using the smoothness of the flow, one has that there
is an Ny > 1 such that if n > Ny, then |¢¢(p,) — ¢:(p*)| < ¢/3. Finally, there is an Ny > 1 such that
|p,, — p*| < €/3 if n > N,. Now, using the properties of the flow detailed in Lemma 4.2 one has that

¢t(pn) = ¢)t(¢_tn (pn)) = ¢t(¢—/€ntn (pn)) = ¢t—kntn (pn)
Thus, for N > max{N7, N2} one has that

0:(p") = P*| < 1¢e(P™) = Gu(po) + [0e(Pr) — Pul + |Pn — DT <
This implies that ¢;(p*) = p* for all ¢ € R, which means that p* is a critical point. O

As seen in the next example, the result of Theorem 5.16 can be used to show that a system possesses no
invariant Jordan curves.

Example. Consider the system

i1:1+z§, 1"211'11’2.
Since the system has no critical points, by Theorem 5.16 there exist no invariant Jordan curves. Note that
Bendixson’s criterion does not yield any information, as V - f(z) = z1.

Now that it is known that periodic orbits must contain critical points in the interior, the answer to
the question regarding the nature of the critical points can now be pursued. Rewrite equation (5.1) as the
nonautonomous scalar equation

dzo _ fa(w1,22)
dzy  fi(z1,72)
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Set
Ja(w1,m2)
fl(ml,xz)

0 is the angle the vector field makes with the positive z;-axis. Let v C R? be a positively oriented Jordan
curve which does not contain any critical points of f. The index of f with respect to v is given by

. 1 fidf — fodfi
Jg(v) = %f %]{ RS (5.2)

tanf :=

J#(7) represents the number of multiples of 27 the angle that f makes with the positive z1-axis changes as
is traversed once. One has that j(y) varies continuously with any continuous deformation of « which does
not lead to encounters with critical points. As a consequence of [15, Theorem 3.12.1,Corollary 3.12.1] one
has that:

Lemma 5.17. Let v C R? be a positively oriented Jordan curve which does not contain any critical points
of f. Then

(a) if int(vy) does not contain any critical points, then js(y) =0

(b) if~, and ~y, are Jordan curves with v; C int(73), and if there are no critical points in int(y2)Next(~1),
then jg(v1) = jg(72)-

As a consequence of Lemma 5.17, one can define the index of a critical point ¢ in the following manner.
Let v be a Jordan curve such that ¢ € int() and that int(y) contains no other critical points of f. Under
this scenario set

Jf (o) = Jjr(7)-
If v encloses a finite number of critical points, then a proper application of Lemma 5.17 (see [15, Theo-
rem 3.12.2]) yields the following:

Lemma 5.18. Let v C R? be a positively oriented Jordan curve whose interior contains the critical points

Ty,...,%,. Then
v =Y jr(=;).
k=1

It is now time to understand the manner in which one can compute jf(xo), where x( is an isolated
critical point. Let f and g be two vector fields such that f(xz¢) = g(x¢) = 0. Further assume that g(z) is
a continuous deformation of f(x). For a given € > 0 sufficiently small one has that there is a 6 > 0 such
that for v := 0B(xg,d) one has |f(x) — g(x)| < e. Since f(x) # 0 on ~, by making e sufficiently small one
can guarantee that f and g roughly point in the same direction all along . By definition this necessarily
implies that

Jg(@o) = jg (o). (5.3)

In other words, the index is unchanged relative to small perturbations of the vector field. This observation
leads to the following result (see [15, Theorem 3.12.5]):

Lemma 5.19. Consider
&= Az + r(x),

where |r(x)| = O(|z|?). One has that

jAz(O) = jAw+'r'(:c) (0)

As a consequence of Lemma 5.19, in order to compute the index of a critical point it is sufficient to
compute the index of the associated linearized problem. Using the definition in equation (5.2) yields that in
general,

jA:z:(O) =

det(A) 21 dxy — zoday
ﬁ : (5.4)

2m a11z1 + a1222)? + (@211 + azrs)?
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Henceforth assume that det(A) # 0. Now, it can be shown that the index is invariant under a nonsingular
linear transformation; hence, when computing ja.(0) it is sufficient to consider those A which have the

Jordan forms
a 0 a 1 a —b
Ar._(o b), Ad._(o ) AC._<b )

Assuming that a # 0 for A4, one has that there is a continuous deformation such that either

Aq — < aJtr)el afeg ) ;. sign(a+€1) = sign(a + e2) = sign(a),

or

Ag— ( a;)i—e a_—i—be ), sign(a + €) = sign(a), b € RT.

As a consequence of the discussion leading to equation (5.3) one then has that ja,4(0) = ja,(0) in the
case that sign(b) = sign(a), or ja,z(0) = ja.=(0). Hence, it is enough to compute the indices only in the
cases of A, and A..

First consider A,. Upon evaluating equation (5.4) over the ellipse

1 1
v i={(z1,22) = (cost,bsint> 1 0<t<2n},
a

and noting that the curve is positively oriented if ab > 0 and negatively oriented if ab < 0, one sees that

-1, ab< 0
oy
ja.2(0) {+1, ab > 0.

Now consider A.. Evaluating equation (5.4) over the positively oriented unit circle quickly yields that
ja.z(0) = +1. The following result has now been proven:

Lemma 5.20. Consider A € R?*? under the condition that det(A) # 0. One has that ja,(0) = —1 if 0 is
a saddle point; otherwise, jaz(0) = +1.
As a consequence of Lemma 5.19 one has the following result concerning critical points of nonlinear
systems.
Corollary 5.21. Consider
z = f(x),

where f(xo) = 0. Assume that det(Df (o)) # 0. One has that

i+ (a0) —1, xq is a saddle point
T =
A +1, otherwise.

Now suppose that v is a Jordan curve which is invariant under the flow. It may be possible that -
contains critical points; henceforth, it will be assumed that there exist at most finitely many. The definition
of j¢(y) given in equation (5.2) requires that no critical points be on «y; however, this technical difficulty can
be overcome [15, Remark 3.12.1]. The proof of the following result is that for [15, Theorem 3.12.3].

Theorem 5.22. Ify be is a Jordan curve which is invariant under the flow, then jr(y) = +1.
By applying Corollary 5.21 to Theorem 5.22 one gets the following result.

Corollary 5.23. If «y is an invariant Jordan curve which encloses only one critical point, then that point
cannot be a saddle point.

Proof: Suppose otherwise. By Theorem 5.22 one has that js(y) = +1, whereas by Corollary 5.21 one has
that the index of a saddle point is —1. This is a contradiction, as the index is invariant under continuous
deformation of . O
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Example. Consider
. . 3 3
T1 =1 + T2, To=x1 — 222+ 2]+ T5.

The only critical point is (0,0). This critical point is a saddle point, as the eigenvalues associated with
the linearization are A = (—1 £ 1/13)/2. Hence, there exists no periodic solution to the system. Note that
Bendixson’s criterion does not yield any information, as V - f(x) = —1 + 323.

The proof of the following final result is left for the student.

Lemma 5.24. Consider
= f(z).

Assume that for each critical point xy one has that det(Df(zo)) # 0. Let v be a Jordan curve which is
invariant under the flow. Then:

(a) int(y) must contain an odd number of critical points

(b) of the 2n + 1 critical points contained in int(vy), n are saddle points.

5.4. Periodic vector fields

Now consider the following variant of equation (5.1):
z=f(tz), fE+T,z)=f(=z), (5.5)
where f : R x R" — R is smooth. As an autonomous first-order system this can be rewritten as
& =ftzx), t=1,

ie., for y = (z,t)",
y=g), g9 :=Ffy),n" (5.6)

Recall the discussion on Poincaré maps for equation (5.6) leading to Definition 5.7. A Poincaré map for
periodic vector fields of equation (5.5) can be defined in the following manner. For ¢ € Z set

Yp:={{,z) e RxR" : t =T},

and identify ¥ := 3y with X;, so that X is a Poincaré section on the cylinder. The Poincaré map for
equation (5.6) will be defined by P(y) := ¢7(y). Equivalently, if & (¢; xo) is the solution to equation (5.5)
with the initial data (0) = x¢, then one has P(xo) = x(T; o). A definitive relationship between the
solution and the iterates of the Poincaré map is given in the following result:

Lemma 5.25. Set P* := Po P! fork=1,2,.... Then P*(zq) = =(kT; x) for k € Z.

Proof: Since f(t+T,x) = f(t,z), by a standard induction argument one has that f(t + kT, xz) = f(t, x)
for each k € Z. Set z(t) := x(t + kT'; zp). Then

z2=f(t,z), z(0)=x(kT;zo),

so by uniqueness one must have that z(t) = z(¢; £(kT; x¢)). In other words, x(t+kT; xo) = x(t; z(kT; x)).
Now, P(xzo) = z(T; o), and

P%(xy) = Po P(xg) = «(T; 2(T; z0)) = (2T; o).
The rest of the proof follows from an induction argument. O
Corollary 5.26. The solution x(t; zo) to equation (5.4) is kT-periodic if and only if P*(zo) = x.

Proof: Suppose that P*(zo) = 2. By Lemma 5.25 this implies that = (kT; xo) = 0, so that x (t+kT; z() =
x(t; z(kT;xp)) = x(t; ©o). Thus, the solution is kT-periodic. The other direction follows by the definition
of the Poincaré map and Lemma 5.25. O
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As a consequence of Corollary 5.26, one can discuss periodic orbits for the Poincaré map.
Definition 5.27. The point p is a periodic point of period N if PV (p) = p, but P*(p) # p for k =
1,...,N — 1. The periodic orbit for the map is given by {p, P(p),..., PN ~1(p)}.
Example. For a simple example, consider the damped and periodically forced harmonic oscillator modeled
by

T+ 2ut + x = hcoswt,

where p € [0,1) and h,w € RT (also see [17, Example 5.4]). If u = 0, it will be assumed that w # 1 (i.e.,
there will be no resonant forcing). The solution to the initial value problem is given by

x(t) = cre " cos(/1 — p2t) + coe * sin(y/1 — p2t) + Acoswt + Bsinwt,

where

1—w? 2w

= h, B:=
4202 + (1 — w22 420? + (1 — w22

and
%(0) + px(0) — Ap — Bw

1— p2

cpi=x(0)— A4, co:=

For x := (z,4)T and T := 27 /w the Poincaré map is given by P(z(0)) = z(T), i.e.,

cre *T cosy + coe *Tsiny + A )

P(x(0)) =
(z(0)) ( (—cip + cay/T — p2)e T cosy + (e14/1 — 2 4 cop)e T siny + Bw

where
vi=/1—pu2T.

First suppose that g > 0. The unique fixed point is then given by z* := (A, Bw)T. Furthermore, it is
not difficult to show that
lim P"(z(0)) = z*;

n—-+oo

hence, the periodic solution is asymptotically stable. Now suppose that © = 0. One then has that

h .
A:m’ B =0, Clzx(o)_Aa 62:$(0)7

so that the Poincaré map satisfies

P(:z:(O)):( cosT sinT)m(O)+A<1cosT).

—sinT —cosT sinT’

If w ¢ Q, then the unique stable fixed point is given by z* := (A4,0)T. Furthermore, as long as w ¢ Q, then
P! has a unique fixed point z* for each ¢ € N. If w € Q\{1}, then there is still a unique stable fixed point
for P; however, P* = 1 for some ¢ € N\{1}, so that in this case all solutions are 2{r-periodic.

Consider the general problem of finding fixed points for P. If there is a closed ball B C ¥ such that
P(0B) C B, then as an application of Theorem 5.15 one gets the existence of a fixed point of P, i.e., a
point * € B such that P(x*) = z*. By Corollary 5.26 this in turn implies the existence of a periodic orbit
x(t;z*). In general, not much more can be said about the Poincaré map. However, this is not true in the
case of scalar vector fields. In particular, one can use the uniqueness of solutions to determine the behavior
of the sequence {P"(x0)}5% -

Proposition 5.28. Suppose in equation (5.5) that f : R x R — R. Then {P"(x)}2, is a monotone
sequence.

Proof: Without loss of generality suppose that P(zg) > xo. Define the sequence of solutions zj : [0,7] — R
by 2i(t) := z(t; P¥(x¢)). Note that zx(T) = P**1(xg). By the uniqueness of solutions, z;(t) > 2o(t) for all
t € [0,T]; hence, P?(zo) > P(z0). An induction argument yields that P"*1(xg) > P"(x¢) for alln € N. O
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Remark 5.29. If P(xzg) < xo, then the sequence is monotone decreasing.
An application of Proposition 5.28 yields a Poincaré-Bendixson-type theorem for scalar periodic vector
fields.

Theorem 5.30. Consider equation (5.5) in the case that f : RxR — R. If the solution x(t; x) is uniformly
bounded, then there exists a T-periodic solution.

Proof: By Proposition 5.28 the sequence { P™(z()} is monotone. By supposition, this sequence is bounded;
hence, there exists a y € R such that P"(zy) — y as n — +o00. Now, by continuity one has that

x(T;y) = lim z(T; P"(x0)) = lim 2(0; P"*!(x0)) = z(0; lim P" () = x(0;);

n—oo n—o0 n—oo
hence, z(t +T;y) = z(t;y) for all ¢ > 0. O

Given the existence of fixed points for the Poincaré map, one defines stability as below.

Definition 5.31. p is a stable fixed point of P if for each € > 0 there is a 6 > 0 such that if |z — p| < 4,
then |P™(z) — p| < € for all n € N. Otherwise, the fixed point is unstable. The fixed point is asymptotically
stable if it is stable and P"™(x) — p as n — +o0.

Example. Demonstrate the graphical iteration of scalar maps.

Theorem 5.32. Let P : R— R be a C! map. A fixed point p is asymptotically stable if |P'(p)| < 1, and
unstable if |P'(p) > 1.

Proof: Upon setting u := z—p and g(u) := P(u+p)— P(p), the map x,11 = P(x,) becomes u,11 = g(uy).
Noting that g(0) = 0, one then has that without loss of generality, the fixed point is p=0.
Since P(0) = 0, by the Fundamental Theorem of Calculus one has that P(z) = [ P'(s)ds. Given € > 0,
set
me := min |P'(z)], M, :=max|P'(z)|;
i [P/ () masx [P (z)
thus, for |z| < € one has m.|z| < |P(z)| < M.|z|. Upon repeated applications of the chain rule one can then
show that
mPa| < |P"(@)| < M)

Suppose that |P’(0)| < 1, so that for e > 0 sufficiently small one has that M. < 1. Then for § = ¢/M,
and |x| < § one has that |P"(z)| < €, so that the fixed point is stable. Furthermore, since

lim [P*(z)| < lim M|z| =0,

n—+oo

the fixed point is asymptotically stable.

Now suppose that |P’(0)| > 1. For € > 0 sufficiently small one then has that m. > 1, so that |P"(x)| >
m”|z| as long as |z| < e. Given an €y < € and x with |zg| < €, there is an N such that [PV (zo)| >
m¥|zo| > €. Since zq is arbitrary, the fixed point is unstable. O

It is now necessary to understand how one can compute the derivative of the Poincaré map at a fixed
point. Let 7(¢) be a T-periodic solution such that v(0) = p. Let the solution to equation (5.5) be denoted
x(t; o). Since P(zg) = x(T'; x0), we have that

d
P’ = —ux(T;xg).
(@) = -a(Tsa0)
Upon using the chain rule and smoothness one gets that
d d d
— (x| = fult,z)—uz.
at (dxox) folt2) g0
The equation is linear, and since

d
d—xox(o;xo) =1,
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it has the solution .
d
i) = o ([ Jals.atsian))as)
dzg 0

Evaluating at ¢t =T and xy = p yields the following result.

Lemma 5.33. Consider equation (5.5) in the case that f : R x R— R . Let v(t) be a T-periodic solution
such that v(0) = p. Then

T
Pl(p) =e®, ayi= / Fult (1) dt.

Note that P’(p) > 0 for any fixed point p. As an application of Theorem 5.32 one has the following
result.

Corollary 5.34. If ag < 0, then the fixed point is asymptotically stable, whereas if ag > 0, then the fixed
point is unstable.

Example. Consider equation (5.5) in the case that f(t,2) = —a® + a(t), where a(t +T) = a(t). It will be
shown that for this vector field that there is a unique asymptotically stable T-periodic solution.

First suppose that P(p) = p for some p, and let y(¢) be the corresponding T-periodic solution. Since
ag = fOT —372(t)dt < 0, by Corollary 5.34 the fixed point is asymptotically stable. In order to show that
the fixed point is unique, set g(z) := x — P(z). Note that at a fixed point ¢, i.e., g(¢) = 0, one has that
9'(q) =1—P'(q) > 0. Let 1 < 2 be two fixed points such that g(x) # 0 for 1 < x < z5. Since ¢'(z;) > 0
for ¢ = 1,2, by continuity there must exist a point x3 € (21, z2) such that g(z3) = 0 with ¢’(z3) < 0. This
is a contradiction; hence, there can exist at most one fixed point.

It is now time to show that the assumed fixed point, which is unique, actually exists. Since a(t) is
continuous and periodic, there exists an M > 0 such that |a(t)] < M for all ¢ € [0,T]. Set

Uy ={(t,z) : =2 -~ M >0}, U_:={(t,z): -2+ M <0}.

If € Uy, then & > 0, while if z € U_, then £ < 0. Thus, if € U, one has that P(z) > z, while if z € U_
one has P(z) < z. Since the Poincaré map is continuous, there is a point p such that P(p) = p.
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6. APPLICATIONS OF CENTER MANIFOLD THEORY

Again consider the autonomous system
z :.f(maﬂ)7 (61)

where f R™ x R* i R™ is smooth and satisfies f(0,0) = 0. Recall the statements of the manifold theorems
given in Section 3. While it is not explicitly stated therein, it can be shown that these manifolds vary
smoothly with respect to parameters. Now suppose that dim(E°) = ¢, where 1 < £ < n. As an application
of the Center Manifold Theorem 3.6 there exists an invariant (¢ + k)-dimensional invariant manifold, so
that the governing equations are of dimension ¢ + k. This reduced set of equations will determine all of
the interesting solutions near & = 0, as it is known that any solutions on W#* (W") will have exponential
behavior as t — +o0 (t — —o0).

The manifold theorems are also important in that they implicitly tell us how to compute the flow on W*°.
Consider equation (6.1) written in the form

y=A(wy+9g,(y,z,1), z=DB(uz+gy(y,z,mn), (6.2)

where y € E* @ E", z € E°, and |g,(y, 2, )| = O(2), where O(m) implies the inclusion of all terms of the

form |y|?|z|7|u|* with i+ 7+ k > m. As a consequence of the Center Manifold Theorem 3.6 it is known that
We is given by the graph y = h°(z, u), where R(Dh°(0,0)) = E°. The local flow on W€ is then given by

&= B(u)z + g5 (1 (2.1), 2. ). (6.3)

Since h°(z, 1) is smooth, by using the invariance property of the manifold it can be computed via a Taylor
expansion.

6.1. Reduction to scalar systems

As a first example, consider the case that p € R and that

Df(0,0) = ( _(1) 8 > (6.4)

In this case there is a one-dimensional stable manifold, and a one-dimensional center manifold; furthermore,
the stable manifold is tangent to span{e; }, and the center manifold is tangent to span{es}. It can be shown
via the theory of normal forms (e.g., see [18, Chapter 19]) that equation (6.2) can be written as

& =—(14ap)z+bzy+ O(3)

. ) (6.5)
Y = azp + azpy + bay” + O(3),

where the constants a;,b; € R. Henceforth ignore the O(3) terms, as an application of the Implicit Function
Theorem makes them irrelevant. For the truncated equation (6.5) the line z = 0 is invariant; hence, it is the
center manifold. The flow on the center manifold is then governed by

Y = asp+ aspy + bay”. (6.6)
Assuming that by # 0, rescale equation (6.6) via s := |bg|t, so that equation (6.6) becomes

d
Y = oo+ ospy +0y°, = o (6.7)

where 6 € {—1,41} and a; = a;/|bz|]. The analysis of equation (6.7) is straightforward. If as # 0, the

critical points are given by
y = £/ —bazp + O(|ul).
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This is an example of a saddle-node bifurcation [18, Chapter 20.1c]. Note that the expression makes sense
if and only if dasp € R™. The flow on the center manifold is depicted in Figure 8, and the full flow near the
origin is depicted in Figure 9. If g = 0, the critical points are given by

y=0, y=—dazu.

This is an example of a transcritical bifurcation [18, Chapter 20.1d]. The student is invited to draw the
bifurcation diagrams similar to those in Figure 8 and Figure 9 for the saddle-node bifurcation.

e AN

Figure 8: The bifurcation diagrams for equation (6.7) in the case that a2 # 0 and § = +1.

Figure 9: The flow near the origin for equation (6.7) in the case that 6 = +1 and az > 0.

Before considering the next example, the following result is needed.

Proposition 6.1. Suppose that g : R™ +— R"™ is C? in a neighborhood of * = 0, and suppose that
g(0,x2,...,2,) = 0 for all (0,za,...,x,) in a neighborhood of the origin. There exists a neighborhood M
of the origin and a g, € C'(M) such that g(z) = z1g,(z).

Proof: By Taylor’s theorem one has that

1
0

g(m):g(O,xz,...,xn)+/ a—g(tozl,xg,...,xn)dt.
o Ot
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Choose M so that the line between = and (0, xo,...,,)" lies in M. This yields that

&g(txl,xg, coosy) = x1Dg(txy, xo, ..., 2p) e,

which in turn implies that

1
gl(a:):/ Dg(tzy,xs,...,x,)e; dt € CH(M). O
0

For the next example, consider the system

i=—x+az%—y? (6.8)
J=ey+ay—y° '

Note that the critical parameter bo present in the normal form of equation (6.5) has been set to zero in
equation (6.8). At the critical point (x,y,€) = (0,0,0) one has that

o*(Df(0)) = {1}, E* =span{e1}; o°(Df(0)) = {0}, E°=span{es}.
Upon applying the Center Manifold Theorem 3.6 one knows that the center manifold is locally given by
x =h(y,e); h(0,0) = hy(0,0) = he(0,0) =0, (6.9)
and the flow on W€ is given by

y=ey+yh(y,e) —y°. (6.10)

The function hA(y,€) must now be determined. It is clear that (0,0, ¢) is a critical point for any € € R;
hence, h(0,€) = 0, so by Proposition 6.1 one can write h(y, €) = yhi(y,€). As a consequence of the smoothness
of the vector field the function hy has a Taylor expansion, which by equation (6.9) is given by

hi(y,e) = ay + be + O(2).

Since W€ is invariant one has that
i oh . n Oh .
= — —¢é
oy’ T 9"
which yields that ,
—h(y,€) + h(y,€)* —y* = (2ay + be + O(2))(ey + yh(y,¢) — y°.

Simplifying the above expression gives
—(a+1)y* —bey + O(3) = O(3),

which necessarily implies that

In conclusion,
h(y.€) = y(—y + O(2)). (6.11)
Substituting the result of equation (6.11) into equation (6.10) yields that the flow on W€ is given by

y=1yle —2y> +O(3)) (6.12)

Set
m(y,€) =€ — 2y + O(3).

Since m(0,0) = 0 and m(0,0) = 1, by the Implicit Function Theorem there exists an € = €(y) and yo > 0
such that mc(y, e(y)) = 0 for all |y| < yo. By inspection one has that €(y) = 2y? + O(3). The above example
yields what is known as a pitchfork bifurcation [18, Chapter 20.1e]. The student is invited to draw the
bifurcation diagrams for this problem similar to those in Figure 8 and Figure 9.
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6.1.1. Example: singular perturbations

Consider the system

T=—x+py+ay

. (6.13)
€y =x—y— 1y,

where p € (0,1) and 0 < € < 1. The system arises as a model of the kinetics of enzyme reactions (see [3,
Example 1.4.3] and the references therein). Setting s := et and z := x — y transforms equation (6.13) to the
system

¥ =ef(x,2)

!/

6.14
Y= —z4a? —xz+ef(x,2), (6.14)

where ' := d/ds and
fz,2) = —x+ (x + p)(z — 2).

Upon applying the Center Manifold Theorem 3.6 one knows that the center manifold for equation (6.14)
is locally given by

z = h(xz,€); h(0,0) = h;(0,0) = h(0,0) =0,

and the flow on W€ is given by
' = ef(z,h(z,€). (6.15)

The function h(z,€) must now be determined. As a consequence of the smoothness of the vector field the
function h has a Taylor expansion which is given by

h(z,€) = ae® + bex + ca® + O(3).
Since W€ is invariant one has that

Oh oh
! ! !
oz + 9e € 0(3),

z
which eventually yields that
OB3) = —ae® + (u— 1 —bex + (1 — c)z? + O(3) = O(3).

This necessarily implies that
CL:O, b:—(l—#)7 C:17

so that one can conclude that
h(z,€) = 2? — (1 — p)ex + O(3). (6.16)

Substituting the result of equation (6.16) into equation (6.15) yields that the flow on W€ is given by
2/ =e[—(1—plex+2>+0(3)]; (6.17)
hence, there is a transcritical bifurcation. The argument for the irrelevance of the O(4) terms is the same as

for the previous example. The student is invited to draw the bifurcation diagrams for this problem similar
to those in Figure 8 and Figure 9.

6.1.2. Example: hyperbolic conservation laws

A viscous conservation law is given by

up + f(u)e = e, (6.18)
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where f : R™ — R™ is C*°. A thorough discussion of conservation laws and their importance in applications
can be found in [16, Part ITI]. The goal here is to find travelling waves, which are solutions u(z), z 1= x — st,
of equation (6.18) which satisfy the asymptotics

u(z) — {“L’ T (6.19)

UuRr, <z — +o00.
In the travelling frame equation (6.18) is written as
Uy — s, + f(u), = u,,, (6.20)
and the travelling wave will now be a steady-state solution, i.e., a solution to
—su, +f(u), = u,,. (6.21)

It will be realized as a heteroclinic orbit. The following assumption will be required.
Assumption 6.2. The function f satisfies:

(a) for all w € R”, Df(u) has distinct real eigenvalues
A(u) < Ag(u) <--- < Ap(u)
(i.e., the system is strictly hyperbolic)

(b) (VA;(u),r;(u)) <0 for all w € R", where r;(u) is the eigenvector associated with the eigenvalue
Aj(u) (i-e., the system is genuinely nonlinear).

Remark 6.3. If n = 1, Assumption 6.2(b) is equivalent to specifying that f(u) is convex. Furthermore,
it guarantees that for each s < f’(ur) there is a unique ugr(s) > wuy such that there is a solution to
equation (6.21) which satisfies equation (6.19).

Lemma 6.4. For each uy, € R™ and each 1 < k < n there exists a curve of states uf,(p) for 0 < p < pg such
that a travelling wave exists with speed s = s*(p). Furthermore,

(a) uk(p) and s*(p) are C" for any r € N, and

1. k = 1 k - A
Jim, un(p) = ur,  lim s°(p) = Ai(ur)

(b) Ar(ug(p)) < s*(p) < An(u)
(¢) Ai-1(ur) < s"(p) < Aes1(ug(p))-
Remark 6.5. Conditions (b) and (c¢) are known as the Lax entropy inequalities.

Proof: Set " := d/dz. Integrating equation (6.21) from —oo to z and using the fact that u(z) — wur as
z — —o00 yields

o =f(u) - f(ur) — s(u —ur).
Linearizing at the critical point wy, yields A := Df(ur,) — s1. Upon noting that

o(A)={A—s5: A€o(Df(un))},

it is seen that a bifurcation can occur only if s = Ag(ur,) for some k& = 1,...,n. Note that by Assump-
tion 6.2(a) the equation describing the bifurcation will necessarily be a scalar ODE. A branch of solutions
will be obtained for each k.

Setting so := A (ur,) and linearizing at the point u = wuy, yields

E°¢ = span{ry(ur)}.
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The equations on W€ must now be computed. The graph of W€ is given by
u=uL + nTk(uL) + W(% 8)7 (622)

where W (7, s) is the complementary direction, i.e.,

W(U, S) = Z a; (777 S)Tj(uL)'

7k
As a consequence of the center manifold theorem one has that
aj (0, S()) = DSCL]' (07 S()) = 0, Dna]— (07 S()) =0.
Let 1j(u) be the eigenvectors of Df (u)T which satisfy
(Li(u), rj(u)) = bi;.
Upon taking a Taylor expansion for f(u) at u = uy, and applying the operator (Ix(uy,), ) one sees that
(U (wn), (u = wr)) = (Be(ur), DF (ur)(u — ur)) = (Le(u), s(u — ur))
1
(W (), 5D (un) (uw — up)?) + -
As a consequence of equation (6.22) and the fact that (¢x(ur), W(n, s)) = 0, and since
(Df (ur) — sL)(w — ur) = n(so — s)rr(un) + > a;(n, s)(A;(ur) — s)r;(ur),
7k
one sees that the flow on W€ is given by
. 1 P L
0= (s0 = s)n+ (Le(ur), 5Df (wr)ri(un))n® + O(s'n),  (i+j = 3). (6.23)

The claim is that
lg(uL)DQf(uL)"'k(UL) = VAr(ur).

To prove this, first note that
Le(w)"Df (u)ri(u) = M\p(u), ueR™

Upon differentiating with respect to u, evaluating at u = wp,, and noting that

DI} (up)Df (ur)ri(us) + I (un)Df (ur)Dre(ur) = Ak (uL) (DU (up)ri(us) + 1 (ur)Dry(uy))
= A (un) D (U (w), 7k (0)) [u=ur,
=0,

yields the desired result. Equation (6.23) can now be written as
. 1 i L
1= (s0 =)0+ 5 (VAk(ur), re(un))n® + O(ls['Inl), (i +5 = 3).
Since the system is genuinely nonlinear, it is not necessary to calculate the terms of O(|s|?|n|?) for i+j > 3.

Thus, the bifurcation is of transcritical type. As an application of the Implicit Function Theorem the critical
points on W€ are given by n =0 (u = wr,) and

s =50+ %(V/\k(UL)7 i (ur))n + O(n°).

Let pp > 0 be sufficiently small, and assume that |s — sg| < pg. Upon parameterizing the above curve, one
has that for each |p| < po there exists an ng = nr(p) and s = s(p) such that on W€, n = 0 is connected to

e at s = s(p).



69 Todd Kapitula

Now, in order that the solution approach n = 0 as z — —o0, one must necessarily have that s < sg. By
construction, one has that
ur = ur, + Mr7i(uL) + W(nR, s).

Upon performing a Taylor expansion for A\ix(w) at w = wr, and using the above expansion for ur one sees
that
Me(ur) = Ax(ur) + (VAR (ur), i (ur))nr + O(R).

As a consequence, one has that

5 — () = %mk(um, ri(un))mr + O(n3),

which, since the system is genuinely nonlinear, implies that s > Ag(ug).
The proof that the second Lax entropy condition follows from the strict hyperbolicity of the system will
be left to the interested student. O

6.2. Reduction to planar systems

Now consider equation (6.1) in the case that dim(E°) = 2. There are then three possible cases to consider:
(a) 0°(A(0)) = {0}, and the eigenvalue is semi-simple with multiplicity two
(b) 0°(A(0)) = {0}, and the eigenvalue has geometric multiplicity one and algebraic multiplicity two
(¢) 0°(A(0)) = {£if}, and each eigenvalue is simple.

In each of the cases enumerated above the flow on the center manifold will be described by a planar vector
field.

6.2.1. The Hopf bifurcation

Consider equation (6.1) under the condition that (zo,0) is a critical point with {0} ¢ o(D,f(xo,0)). As
a consequence of the Implicit Function Theorem, for |u| < p* there exists a unique curve of critical points
(xz(p), 1) with 2(0) = zo. Suppose that D, f(x(u), 1) has the simple eigenvalues a(u) +i3(u) which satisfy

a(0)=0, o/(0)£0, A(0)>0. (6.24)

Further suppose that o°(D, f(x0,0)) = {£i3(0)}. As discussed in [18, Chapter 20.2], the normal form for
the equations on W° can then be written as

@ = a(p)z — B(uy + (alp)e = b(uy)(@® +y*) + Ozl [y)

) 5 o 50 (6.25)
§ =0z +alpy+ 0wz + a(wy)(@” +y7) + Oz, [y]").
In polar coordinates equation (6.25) can be written as
= a(p)r+ a(p)r® + 0@
()7 + a(p) () (6.26)

0 = B(p) + b(p)r? + O(r*).

Note that a T-periodic solution to equation (6.25) is equivalent to having a solution (r(t),6(¢)) to equa-
tion (6.26) which satisfies
r(0)=r(T), 6(0)=0, 6(T)=2nw.

Upon taking a Taylor expansion and neglecting the higher-order terms in equation (6.26), one finally gets
the normal form equations to be studied:

7= o/ (0)pr + a(0)r®
0 = B(0) + B'(0) + b(0)r®.
A careful study of equation (6.27) (e.g., see the proof in [18, Theorem 20.2.3]) leads to the following result.

(6.27)
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Theorem 6.6 (Hopf Bifurcation Theorem). Consider the system equation (6.1) under the constraints lead-
ing to equation (6.24). If a(0) # 0 and if |y is sufficiently small, then there exists a unique periodic solution
of O(|u[1?).

Remark 6.7. The interested student should consult [18, equation (20.2.14)] for an explicit expression for
a(0). If a(0)a’(0) < 0, then the bifurcation to the periodic orbit is supercritical, whereas if a(0)a’(0) > 0,
then the bifurcation is subcritical.

6.2.2. The Takens-Bogdanov bifurcation

Now consider equation (6.1) under that assumption that f(0,p) = 0. Furthermore, assume that
{0} € A(0) has geometric multiplicity one and geometric multiplicity two. As discussed in [18, Chap-

ter 20.6,Chapter 33.1], the normal form associated with flow on W¢ is given by
T=1y

) 9 (6.28)

Y= p1+p2y+a° +bay, be{-1,+1}

Many interesting bifurcations occur in equation (6.28); however, we will focus only on two.
Assume that g1 < 0. When considering the critical point (—y/—pu1,0) the eigenvalues of the linearization
are given by

3 = g (e = vl = v =8V ) (6.29)
If one writes s = /—p1 + fie for 0 < e < 1, i.e.,
p = —p + 2z fic + O(e?), (6.30)
then one can rewrite equation (6.29) as
N = Lie i3 () 4 O(E).

Thus, upon applying Theorem 6.6 one has that a Hopf bifurcation occurs at € = 0. It can be computed that
a(0) = b/16 (see [18, Chapter 20.6]). Since we are requiring that e > 0, for the bifurcation to occur we must
have that b < 0; hence, it is supercritical. If one assumes that b = —1, then the bifurcating solution is
stable, whereas if b = 41 the bifurcating solution is unstable.

Now let us rescale equation (6.28) in the following manner. For e > 0 introduce the scalings

T = €eu, yi=ew, ui=—€b, g i=€vy, t:i=es,

so that equation (6.28) becomes (' := d/ds)

l
u =v

6.31
v = —1+u® + e(vpv + buw). (6:31)

When e = 0 equation (6.31) is a completely integrable Hamiltonian system with Hamiltonian
1 1
H(u,v) = 5112 +u— §u3.
The system has the homoclinic orbit (ug(t),vo(t)), where

uo(t) = 1 — 3sech?(t/V2).
Via the use of Melnikov theory it can be shown that the homoclinic orbit persists for

Vo = gb + O(E),

ie.,

49
B = —%Hg + O(Mg/2)

(compare to equation (6.30)).
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